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TOTALLY-REFLECTIVE GENERA OF INTEGRAL LATTICES 


IVICA TURKALJ 


Abstract. In this paper we give a complete classification of totally-reflective, 
primitive genera in dimension 3 and 4. Our method breaks up into two parts. 
The first part consists of classifying the square free, totally-reflective, primitive 
genera by calculating strong bounds on the prime factors of the determinant of 
positive definite quadratic forms (lattices) with this property. We achieve these 
bounds by combining the Minkowski-Siegel mass formula with the combina¬ 
torial classification of reflective lattices accomplished by Scharlau Sz Blaschke. 
In a second part, we use a lattice transformation that goes back to Watson, to 
generate all totally-reflective, primitive genera when starting with the square 
free case. 


1. Introduction 

The investigation of totally-reflective genera came up with the problem of clas¬ 
sifying the cofinite, arithmetic reflection groups on the hyperbolic space. These 
groups occur as Weyl groups of Lorentzian lattices with a fundamental polyhedron 
of finite volume. Vinberg showed in [Vin72b] that a necessary condition for (cer¬ 
tain) Lorentzian lattices to induce a cofinite, arithmetic reflection group, is that a 
naturally associated, positive definite genus is totally-reflective. In the subsequent 
work [Vin81] . he proved that totally-reflective genera only appear in dimension < 30. 
It was unknown whether this bound is sharp since the largest known dimension of 
such genera was 20. An example was found by Borcherds in [Bor87] . §8, Exam¬ 
ple 5. By a more detailed investigation of the existence of non reflective lattices 
in high dimensional genera, Esselmann proved in [Ess96] that 20 is actually the 
largest dimension in which a totally-reflective genus can exists. Furthermore, it is 
well known that there are only finitely many totally-reflective, primitive genera in 
any fixed dimension (cf. |SW92] . Theorem 1.4). An explicit classification has been 
carried out only in dimenson 3 for the special case of square free genera, cf. |Wal93| 
(which we reproduce here). In this work, all totally-reflective, primitive genera in 
dimension 3 and 4 have been found. Also, the related problem of classifying the 
hyperbolic reflection groups is outlined. We give a brief overview of our methods. 

Strategy. Our goal of classifying all totally-reflective genera in dimension 3 and 4 
is achieved as follows: 

Step 1: Let L be a strongly square free, totally-reflective lattice with dimL = 4 
(resp. dim = 3). Hence detL is of the form detL = ■ qy-Qs (resp. 

r = 0). Using the mass formula, we prove that r < 9 and s < 8 - r (resp. 
s < 10) (section 3.1). 

Step 2: By applying the combinatorial classification of Scharlau & Blaschke, we 
prove that there are bounds pi and ^ (one for every prime factor) depending 
only on the number of prime factors, such that pi <pi and qj < q]. Thus the 
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number of local invariants that need to be taken into account is effectively 
bounded and the enumeration is computationally feasible (section 3.2) 
Step 3: After finishing the strongly square free classification, we obtain all square 
free, totally-reflective, primitive genera by partial dualization (section 4.1). 
Step 4: The last step consists in dropping the assumption “square free” by deter¬ 
mining the pre-images of square free genera under the Watson transforma¬ 
tion (section 4.2). 


2. Background 

2.1. Integral lattices. Let i? be a prinicipal ideal domain and K := Quot(i?) its 
quotient field. A lattice over i? is a pair (L, 6), where L is a free i?-module of finite 
rank and b: L x L —>• K a symmetric bilinear form. As usual, V ■= L 0^ K means 
the enveloping AT-space of L. By 0{L) we denote the isometry group of (L, b). The 
determinant of L is the determinant of any Gram matrix of {L,b), which is well 
defined modulo squares of units in R. 

We say that L is integral, if b{L, L) £ R. An i?-lattice is called even if b{x, x) 6 2R 
for all X e L, and odd otherwise. By “L we mean the lattice {L,ab) obtained by 
scaling the bilinear form, where a € K. An integral lattice is said to be primitive if 
it is not the scaled version of another intergral lattice. We denote by the dual 
lattice of L which is defined as 

:= {r e y I Va; e L : b{x, v) ^ R} . 

Clearly, L is integral iff L £ L^. For an integral lattice, the group L^/L has order 
detL and is called the discriminant group of L. A lattice is unimodular if L = L^. 
More generally, for a 6 AT, we say L is a-modular if A = aL^f. It is easy to see that 
any a-modular lattice AT can be written as AT = “A, where A is unimodular. 

Let P be the set of all rational primes. Two Z-lattices Ai,A 2 are in the same 
genus if they become isometric over all completions Zpi 

Ai Zp = A 2 for all p € Pu { 00 }. 

It is well known that any genus consists of finitely many isometry classes. We write 
G{L) for the set of all isometry classes in the genus of A and define h{L) ■■= ^Q{L) 
as the class number of A. 

Recall that every Z-lattice A locally posseses a Jordan deeomposition, 

(1) A®zZp = P ’^L.r 1 ••• ^A_i 1 Ao ±^Ai ± ••• 

where all Li are unimodular (possibly zero-dimensional). For p + 2 the Jordan 
decomposition is unique up to isometry. Unfortunately this is not true for p = 2. At 
least the following data remains invariant: dimA^, 2* and the property even/odd 
for every Li. We refer to A as square free if the Jordan decomposition of A is 
of the form Aq 1 ^Ai at every prime p, and as strongly square free if additionally 
dim Aq > dim Ai holds. 

We remind the reader of the genus symbol as introduced in [CS99) . Chapter 15. 
This symbol is a list of local symbols for each prime p dividing 2det A. Assuming 
a Jordan decomposition as above, the local symbol at the prime p + 2 is the formal 
product 

(p*)®*’"% where £i := .= dimAi. 


i=-r 
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Due to the lack of uniqueness, the 2-adic symbol is more complicated and two other 
invariants have to be taken into account (oddity and parity). We refer to [CS99] 
for a more detailed investigation. 

2.2. The mass formula. From now on all Z-lattices L are assumed to be positive 
definite (except the Lorentzian lattices in section 5). Hence 0{L) is a finite group 
and the following definition makes sense. 

Definition 2.1. Let L be a Z-lattice. The mass of L is defined as 

An indispensable tool for our investigation is the Minkowski-Siegel mass formula 
which relates the mass of a lattice to local quantities, which can be derived from the 
genus symbol. Originally the mass formula is stated in terms of p-adic densities, 
cf. [Sie35) for further details. However, for computational reasons, we found the 
approach of Conway and Sloane more suitable, cf. |CS88) . Below we outline the 
fundamental aspects. Let n := dimL,s := [^] and D := (-l)®detL. A helpful notion 
is the so-called standard mass, 

n 

std(n, D) := ’ 0 r(|)' C(2)C(4)-C(2s - 2 )Cl.(s), 

j=i 

where F denotes the Gamma function, ^ the Riemann zeta function and Cd refers 
to the L-function 


Cl>(s) 


np6p(l-(f)^) , n even, 

1, n odd. 


The actual mass of L is gained from the standard mass by multiplying with certain 
correction factors, one for every prime p dividing 2 det L. Unlike the standard mass, 
these correction factors depend on the local structure of L. 

Proposition 2.2 (cf. [CS88] 1. Let L be a X-lattice with Jordan decompositions as 
in (1). Then 

m{L) = std{n, D) ■ H (mp(^)' 20 (l) > 

]3|2detL\ J=2 / 

where for p ^ 2 

^piL)= n n 

z€Z, \ i=2 / 

dimLi^O k<l 

In the above proposition, e = 0 if dimL^ is odd, and ee{l,-l}if dimL^ is even. 
The exact value of e depends on the species of the orthogonal group 0„. (p) over Fp, 
which can be read off the genus symbol. Again, the case p = 2 is more complicated, 
for which we refer to |CS88) . 
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2.3. Reflective lattices and totally-reflective genera. For a nonzero vector 
V € L, the reflection 


Sy 


X - 


2b{x,v) 

- V 

b{v, v) 


is an isometry of V. We call v a root oi L ii v is primitive (that is v/m i L 
for all integers m > 0) and Sv{L) = L. The set R{L) of all roots of L is a root 
system in the usual sense of Lie theory. The subgroup W{L) < 0{L) generated 
by all reflections s„, with v e R{L), is called Weyl group of L. Besides the com¬ 
binatorial structure induced by the Dynkin diagram, the root system of a lattice 
inherits the quadratic form, thus R{L) decomposes into scaled irreducible com¬ 
ponents “A„, “B„, “C„, “D„, “Ee, “E7, “Eg, “F4, “G2. We mention [BouOS] as a 
general reference to the theory of root systems. 

A positive definite lattice is called reflective if, roughly spoken, it is “almost” a 
root lattice (it is a root lattice up to finte index). More precisely: 


Definition 2.3. The positive definite, integral lattice L is called reflective if its 
root system R{L) generates a sublattice of the same rank. 

Certainly, L is reflective iff W(L) has no nonzero fixed vectors (while acting on 
^)- 

Remark 2.4. Crucial to our investigations is the work of Scharlau & Blaschke. They 
classihed all indecomposable, reflective lattices in low dimensions by pairs (R,>C), 
where R is a scaled root system and H the so-called glue code (a subgroup of the 
discriminant group of (R)) (cf. [SB96] . 4.4, 4.5, 4.7). Given a pair (R,£), the 
associated lattice L is constructed by L = (R) + {x\x e C). We will refer to this 
result in Lemma 3.4, Lemma 3.5 and Lemma 3.9. 


Definition 2.5. Let L be an integral lattice and Q its genus. 

a) We call Q totally-reflective if each lattice in Q is reflective. 

b) The integral lattice L is called totally-reflective if its genus Q is totally- 
reflective. 


One can deduce from the work of Biermann [Bie81| , that there are only hnitely 
many totally-reflective genera in any fixed dimension (cf. |SW92) . Theorem 1.4). 
Furthermore, Esselmann proved in [Ess96) that 20 is the largest dimension of 
totally-reflective genera, thus a classification is possible (at least) in priniciple. 
With the present paper we contribute to this problem by classifying the dimensions 
3 and 4. 


3. Bounds for strongly square free, totally-reflective genera 

In this section we prove the results concerning step 1 and 2 of the general strategy. 
The basic idea is to compare the whole mass of a lattice L with the part coming 
from the reflective lattices within G{L). Since the latter quantity is crucial, we 
make the following 

Definition 3.1. Let L be an integral lattice. We refer to 

m5l). Mm 

M is reflective 


as the reflective part of the mass. 
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An important (though trivial) observation is that mref(A) < Ln(i) and L is 
totally-reflective iff mref(A) = m(L). We will obtain our bounds by showing that 
the reflective part of the mass grows more slowly than the whole mass. We begin 
with 


Lemma 3.2. Let D eN. Then 

(“) <.d(2) > ^ . S- 

(b) C_i.(l)<l + pn(D). 

Proof. Part (a) follows from an elementary calculation which can be found in 
[KL13) . 5.1 and (b) is proved in [Wat79) . 5.10. □ 


With part (a) of the previous lemma and the mass formula as stated in section 
2.2, one can control the growth of m in the following sense. 

Lemma 3.3. Let L he a strongly square free lattice with determinant d. 

(a) For dimL = 3 set 

p^2 


(b) For dimL = 4 set 
M{L) := 


1 1 


n 

p\d, 

Vp{d)=2 

p*2 


1 2 P-1 

-P • - 

2 1 


n 

p\d, 

Vp(d)=l 

p*2 


1 3 

-p2. 

2 


Then, in both cases, we have m(L) > M(L). 


Proof. This follows directly from the mass formula and Lemma 3.2. 


□ 


It is somewhat more difficult to control the growth of m^ef. For this, the following 
observation is helpful (recall Remark 2.4). 


Lemma 3.4. Let L be an indecomposable reflective lattice with dimL e {2,3,4}. 
Then 0{L) only depends on the combinatorial class of R(L). In particular, 0{L) 
does not depend on the glue-code nor the scaling. Referring to [SB96] . 4.4, 4.5, 4.7, 
we have 


(a) in dimension 2 : 


(b) in dimension 3 : 



(a) 

(b) 

(c) 

(d) 

|0(L)| 

4 

12 

4 

8 



(a) 

(b) 

(c) 

id) 

(e) 

|0(L)| 

8 

8 

16 

48 

48 


(c) in dimension 4 : 



(a),(6),(c) 

(d),(e) 

if),i9),i^) 

(h) 


(0 

|0(L)| 

16 

32 

96 

72 

240 

1152 
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Proof. Let R{L) be decomposed as R{L) = “''Rfe, with Ri irreducible and 

let 0(R(L)) be the stabilizer of R(L) in 0{V). It is well known that 0(R(L)) = 
W{R{L)) » A{L), where A{L) can be identified with a subgroup of the outer 
automorphism group of R{L). It follows from [SB96] . 4.4, 4.5, 4.7, and the relation 
W{R{L)) c 0{L) £ 0{R{L)) that 0{L) = W{R{L)) holds in dimension 2 and 
3 since A{L) is trivial, except for A 2 ,A 3 and D 3 . Furthermore, W{R{L)) does 
not depend on the scaling since IF( “^Ri... “'“Rfe) = IF( “^Ri) x ••• x IF( “'“Rfe) £ 
kF(Ri) X ••• X IF(Rfc). In dimension 4, one can use the same arguments, except in 
the cases (A), (j) and (fc), where A{L) + I. But there we have 

A{L) = 

^ ’ |z/2ZxZ/2Z, in(/i), 

which obviously do not depend on scaling nor the glue-code. Weyl groups of un¬ 
sealed, irreducible root systems, particularly their orders, are well known and can 
be found, for instance, in |Bou08] . □ 


3.1. Bounds on the number of prime factors. Regarding the statement on the 
number of prime factors outlined in step 1 , the following way of controlling m^ef 
seems appropriate (we will introduce an alternative way in the next subsection). 
We recall that uj{d) (resp. n{d)) refers to the number of (not necessarily) different 
prime factors of d. 


Lemma 3.5. Let L he a strongly square free lattice with determinant d. 
a) For dimL = 3 we set 

M,ef(L) + 

x\d 2 ^ 2 \ 2 / 


p\x 


b) For dimL = 4 we set 


^Q{d) 2 ^(‘^) 2 ^(^) 53 

■“ 3- 1" 2 -1-h 3 -1- 

^ ^ 16 32 72 96 5760 


4 TT \ 2 ^ n 2p-l 2^^’ 

(d)=2 


o(d)=l 


Then, in both cases, we have mi.ef(L) < Mref(L). 


Proof. ( 6 ) We take a closer look on how the quantity m^ef is composed, more 
precisely we write 

mref(L) = m^ff^ (L) H- m^fj^(L) H- m^fj^(L), 

where m^^j (L) refers to the part of the mass coming from the indecomposable, re- 
flective lattices within the genus, mJ^j (L) refers to the part which comes from the 
reflective lattices with a 3-dimensional, indecomposable component and m);^^ (L) 
means the contribution of the reflective lattices which have a 2 -dimensional, inde¬ 
composable compontent or which are diagonalisable. An estimate of m^gj(L) is 
easily obtained by combining the classification theorem from [SB96] and Lemma 
3.4. Considering that a bound for the number of possible isometry classes for a 
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given pair (R,>C) of determinant d is where a is the number of occurring 

scaling factors, we get 


A^(d) on(d) 
m|ef\L)<3- 


+ 2 - 


■ + 3- 


53 


16 32 72 96 5760 

As Berger showed in [Ber93] , a 4-dimensional, strongly square free, reflective lattice 

/ Q \ 

can not have a 3-dimensional, indecomposable component, so = 0. For the 

estimate on m^^j (L) we use the mass formula: 

(2),.^ ^ 1 


wW= E 

M 6 g(L) refl, 
M=Mi1M2, 
dim Ml =2 


|0(M)| 


1 

< - 

4 


E 


1 


M 6 g{L) refl, P(-^^l)l 
M=Mi1M2, 
dim Ml =2 


x\d 4 TT \ 2 / 


2p 

P\d, 2p-l 

Vp{d)=2 


■ n 

p\d, 

Vp{d)=l 


Iv-P. 


where is an estimate for the number of 2-dimensional, square free genera of 

determinant x. The estimate on m(Mi) follows from Proposition 2.2 and Lemma 
3.2.(5). 

(a) Here we consider 


mief(L) = m^ef (A) + nPUL). 


(3) 

Again, m^i^j (L) = 0, because 4 divides the determinant of a 3-dimensional, indecom¬ 
posable, reflective lattice which is never the case for strongly square free lattices. 
For we get: 




iL)= E 


1 


1 


M 6 g{L) refl, P(-^)l 
M=MiiM2, 
dim Mi=2 


E 


<E2^ 

x\d 


p\x 


2 M (E g{L) refl, P(-^l)l 

dim Ml =2 

(l + ilnW). 


Notice that, unlike in the 4-dimensional case, an estimate for the number of 2- 
dimensional, square free genera of determinant a: is 2. In the situation Q{Mi ± 
Ni) = Q{M 2 1 N 2 ) with dimMi = 2,dimAfi = 1 and detA^i = a: it follows from 
Witt’s cancellation theorem for nondyadic local rings that Mi ®z T,p = M 2 ®z 
for p 2, whereas Mi ®z Z 2 and M 2 ®z ^2 can be distinguished only through the 
parity, cf. lO’MOOj . 92:3.93: 16. □ 


By combining Lemma 3.3 and Lemma 3.5, we see that a strongly square free, 
totally-reflective lattice satisfies the condition Mref(L)/M(L) > 1. Actually, the 
estimates on mref(L) and m(L) depend only on the determinant of L, so we may 
write M(L) = M(detL) and Mref(L) = Mj-ef (det L). 

To show that the number of prime factors can not be arbitrarily large, it is 
important to investigate how the ratio of M^ef and M behaves when prime factors 
are appended to the determinant. Notice that both M^ef and M tend to 00 when 
the number of prime factors increases. 

Lemma 3.6. Let d e N and q e P. 
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(a) In dimension 3 we have 


Mrefjd) ^ Mrefjdq) 

M{d) ~ M{dq) 

if q> 17 and 11(d) > 2. 

(b) In dimension 4 we have 

Mref(rf) ^ Mref(rfg^) 

M{d) ~ M{dq^) 
if q>7 and fl(d) > 2, as well as 

Mref(c?) ^ M^efidq) 


M(d) M(dq) 


if q>5 and fl(d) > 2. 


Proof. We proof part (b) in detail so that the general idea will be clear. Part (a) is 
proven analogously. It is helpful to consider the quantity Mj-ef piecewise. We write 
M,ef(d) = + M^ljid) with 

^n(d) on(d) 53 

M^ef (d) •— 3—7“: 1- 2—77-1-77 1- 3 — 77-1" 


16 


32 


72 


and 


M, 


X\d 4 TT V 2 / 


96 5760 

2p 


1 


2„-i n 5V?. 

p\d, ^ p\d, ^ 

Vp(d)=2 Vp{d)=l 


The case is easily done. From the mass formula we get the equivalence 


M{d) M{dq^) ^ 2(g+l) ■■ef'' ^ ^ 


t(4)/ 


and because of 




the inequality on the right hand side is satisfied when ‘^ 2 (g^+i)^ - that is when 
<7 >7. 

(‘ 2 ') 

The case is more difficult. Let pi be an arbitrary prime dividing d. Define 
D{d) := {a; 6 N| d is divisible by x}. For the first part of (b) the starting point is 
the decomposition 

(2) Didq^) = Did) X {pi} 

(3) wq-{D{d)\{pi,l}) 

(4) wq^.iDid)^{pi,l}) 

(5) w{q,q‘^,pi,qpi,q^pi}. 

The idea is to compare the summands of (dq^) corresponding to the right hand 
side of (2), (3) and (4) (resp. (5)) with the summands of M^‘^j(d) corresponding 
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to D{d) \ {pi} (resp. pi). For all x e D{d) \ {pi} the mass formula implies 

/ \ 


^u;(ai) + l 


1 2 
4 TT 


2p rr i ^ 

2d - 1 ^ 2 

p\d, p\d, ^ 

Vp{d)=2 Vp{d,} = l 


2p 


(l+iln(a:)]- Yl 

' ^ ’ P\d, 

Vp(d) 

4 ^ V 2 ^ ) pV 2p-l 

Vp{d)=2 

. 1.2 _ / ^ 1 \ „ 

4 TT V 2 2p-l 


g^(g-l) 

2(g+l) 


1 


n o^/^ 


p\d, 

Vp(d)=l 


2p 


p\d, 

Vp{d)=2 


pid. ^ 


+ 2 ' 


u;(g^a:) + l 


1 2 
4 TT 


(l+^ln(g^a;)j- H 


Vp{d)=l 

2p 2q 


1 


p|d, 

Vp{d)=2 


2p-l 2q-l 2 


n 

p\d, 

Vp{d.) = l 


which is equivalent to 
'g"(g-l) 




} 12 2g-i; 


ln(a:). 


2g-l 2g-l 

Since a; > 1, and thus ln(a;) = 0 or ln(a;) > 1, the latter inequality is true for q>7. 
For X = Pi we obtain 

1 q^q-l) 




,i^(pi)+l 


1 2 
4 TT 


(l 4 into)) t Ail) 


2(g+l) 


21^(9 ) + i 


1 2 
4 TT 


2g-l 


,2"l-,«.l.i.(i,l 1^.1^ 

^ 2-(9V)+i . i . 2 ^ 1 ln(g2 )) • 

4 TT \ 2 2g-l 2^^ 

It is easy to check that this is true for all pi > 2 and q>7. The second part of (b) 
works similarly, but uses the decompostion 

D{dq) = D{d) \ {pi} 

^q-{D{d) \{pi}) 

w {q,pi,qpi} ■ 

□ 


The second lemma of this section clarifies the behavior of Mref / M if the number 
of prime factors is fixed while the prime numbers increase. Again, a priori that is 
not clear since Mref and M tend to oo when the primes increase. 
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Lemma 3.7. In both dimensions is monotonically decreasing in each prime 

factor of d. 

Proof. Let 9 be a prime with Vq{d) = 2 (the easier case Vp{d) = 1 is proven anal¬ 
ogously). Like in the previous proof we consider (d) and separated. 

Since (d) only depends on the number of prime factors (and not on the primes 
itself), it is clear that decreases monotonically. In order to deal with 

M^g£(d), we have to isolate the effect of g. For this the following decomposition is 
helpful: 


D(d)=n(^)ugn(^)ug^B(^). 


Thus we can write 


xjd 4 TT \ 2 / 


2p 


pjd, 1 


n jy? 




xfd/g 


1 2 

4 TT 




Vp(d)=2 
2p 


Vp(d)=l 
1 


^ , n 

pid/g, pid/q, ^ 

Vp{d/q)=2 Vp{d/q)=l 


:= Cl, does not depend on q 

+ y .1.-. n 

4 TT 2p-i 

Vp{dlq)=2 Vp{d/q)=l 


i;\d/q 


n ^\/p-y\/d-(i + ^ln(gx)j 


+ E 2 ' 

x\d/q 


:= C 2 (x), does not depend on q 

i!' n 5^- n 

4 ^ p\d/q, 2p 1 2 2(7 1 V 2 / 

Vp{d/q)=2 Vp{d/q)=l 


:= C3(a:), does not depend on q 

Furthermore, by isolating the effect of g in M(d), 
11 -r-r 1 2 P -1 

-p ■ - 

p\d/q, 2 P+1 p\d, 

Vp(d)=2 Vp{d)=l 


M(d) = 


90 24 


2 P ^ T—r 1 — 1 2 

oP -^- n 2^^'2'^ 


g-i 

(7+1 


:= c, does not depend on q 

we can treat 

(rf) Cl + Ea:C 2 (a;) • yg- (1 + 4 In(gx)) + ExCaCa:) • ^ • (1 + 4 ln(g2a;)) 


M(d) 


2 <?-l 

c-g"-yT 


as a differentiable function of g. Then one easily checks that the first derivative 
after g is < 0 . □ 

The main theorem of this subsection is now a direct consequence of Lemma 3.6 
and Lemma 3.7. 


Theorem 3.8. Let L he a strongly sguare free, totally-refiective lattice. 

(a) Let dimL = 3 and detL = gi'-gs. Then s < 10. 

(b) Let dimL = 4 and detL =pp"p^gi-"gs. Then r <9 and s <8-r. 
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Proof. We have to decide when the necessary condition > 1 is violated. 

(a) Let L be a strongly square free, totally-reflective lattice with detL = qy-Qs 
and s > 11. Assume the prime factors are ordered such that qi < ■■■ < Qs- We start 
with the observation 

Mref (2 • 3 • 5 • 7 • 11 • 13 • 17 • 19 • 23 • 29 • 31) ^ ^ 

M(2 • 3 • 5 • 7 • 11 • 13 • 17 • 19 • 23 • 29 • 31) 

Using the monotony statement of Lemma 3.7, we get 

Mref(gi • g2 • g3 • g4 • g5 • 96 • g7 • gs • g9 • 910 ' gll) ^ ^ 

M(gi ■ 92 • 93 • <?4 • 95 • 96 W7 ■ 98 • 99 • gio • 9ll) 
which is possible since s > 11. Now we apply Lemma 3.6 (a) and see that 
Mreijqyqii ■qi 2 -"qs) _ Mref(det£) ^ ^ 

M(9r--9ii • 9 i2-"9s) M(detL) 

Thus L is not totally-reflective. 

(b) Let L be a strongly square free, totally-reflective lattice of determinant 
detL = Pi'-p^qi'-qs with r > 10. First we prove the statement regarding r. Assume 
Pi < ■ ■ ■ < Pr and 9 i < ■■■ < qs- We have 

Mref (2^ • 3^ • 5^ • 7^ • 11^ • 13^ • 17^ ■ 19^ • 23^ • 29^) 

M(22 • 32 • 52 • 72 ■ 112 . 1:^2 . 1^2 . ;^g2. 232 . 292 ) 

and with Lemma 3.7 

^reiipl-pl-pl-pl-pl-pl-PT-pl-pl-plo) , 
Mipl-pl-pl-pl-pl-pl-pl^-pl-pl-pl,) • 

Applying Lemma 3.6 part (a) and (b), we get 

Mref (pj ■ ■ -Pio ■ pL • • Tr • gl • • -98 ) _ Mref(det£) ^ ^ 
^{Pi-plQ-Pii-pl-<lr-<ls) M(detL) 

Thus L is not totally-reflective. 

To prove the statement concerning s, we fix the number of quadratic prime 
factors r < 9. Let detL = p\---p^qvqs with s > 9-r. Define P(r-i-s) to be the finite 
set consisting of the first r-i- s primes. For each combination (pi,... ,pr,qi,... ,qs) e 
P(r -I- s)’’’*''* with Pi < ■■■ < Pr and 9i < • • • < 9s we have 

Mref{pr--PrqvPs) ^ ^ 

MiPl-PrQl-Ps) 

Then Lemma 3.6 and Lemma 3.7 implie 

Mref(Pl---Prgl---g8) ^ 

M{pl---p‘^qyqs) 

□ 

3.2. Bounds on the prime factors. In the previous subsection we used the 
mass formula to estimate the part of the mass coming from those reflective lattices 
that decompose into one- and two-dimensional sublattices. For the purpose of 
this subsection (step 2 of the general strategy) a different approach seems more 
appropriate. 

Lemma 3.9. Let L be a strongly square free lattice with determinant d. 
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a) For dimL = 3 we set 


Nref(i) := E H 

x\d ^ \ 


2^q{x) 


24/ 


b) For dimL = 4 we set 


on(d) 2^(^) 

Nref(L) := 3^,:- + 2—::^ + + 3— + 


53 


16 32 

2!n{x) 5 


72 96 

Q^Cl^djx) 


5760 


^ ^ 5 \ /2^(d/x) ^ 5 \ 

■ ^ M j ■ \ 4 ^ m) ■ 


Then, in both cases, we have mi.ef(i) < NrefCi). 


Proof, (b) Like in the proof of Lemma 3.5 we start with the equation 
mref(L) = m^ff^ (L) + m^ff^(L) + m^ff^(L). 


The estimates on m^^j (L) and m^gf(L) are the same as in 3.5. But this time we 
rather use the classification theorem from [SB96] than the mass formula to control 
m|gj(L). Consider a reflective lattice M = Mi ± M 2 with detMi = x and the 
associated pair The classification [SB96] . 4.4, 4.5, 4.7, implies 

that a bound for the number of possible isometry classes for Mi is where a 

is the number of occurring scaling factors. Furthermore, each of the isometry 

classes can occur times, thus 


m 


( 2 ) 

ref 


{L) 


E 

M 6 g(L) reft, 
M=Mi1M2, 
dim Mi=2 


1 . 1 V- 1 

|OWr4MeqW refl. P{Ml)\ 
M=Mi1M2, 
dim Ml =2 


^ ^ /2^{x) ^ 5 \ /2^(d/x) ^ 5 \ 

Id 4 \ 4 ^ m) ■ \ 4 ^ m) 


(a) When considering a 3-dimensional lattice M decomposed as M = Mi ± M 2 , 
such that dim Ml = 2, dim M 2 = 1, the estimate for the number of possible isometry 
classes for Mi works similarly. Each isometry class, however, occurs only one time 
which follows from Witt’s cancelation theorem. Thus 


13(0 ■ E 

M 6 g{L) refl, 
M=Mi1M2, 
dim Mi=2 


|0(M)| 


1 

< - 

2 


E 


M € g(L) refl, P{Mi)\ 
M=Mi1M2, 
dim Ml =2 



□ 


In analogy to M^ef, the quantity Nj-ef only depends on the prime factors of the 
determinant, thus the formulation in the following lemma makes sense. 

Lemma 3.10. In both dimensions ^onotonically decreasing in each prime 

factor of d. 
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Proof. The enumerator Nref((i) only depends on the number of prime factors of d 
and, as shown in the proof of Lemma 3.7, the denominator M(c?) is monotonically 
increasing in each prime factor. □ 

As a first application we can slightly improve our bounds for the number of prime 
factors in dimension 3. 

Corollary 3.11. Let L be a strongly square free, totally-reflective lattice with 
dimL = 3 and detL = qi---qs. Then s <9. 

Proof. This follows from 

Nref(2 • 3 • 5 • 7 • 11 • 13 • 17 • 19 • 23 • 29) ^ ^ 
M(2-3-5-7-ll-13-17-19-23-29) 

and Lemma 3.10. □ 

Keeping in mind that a strongly square free, totally-refelctive lattice L fulfills 
the condition Ni.ef(L)/M(L) > 1, Lemma 3.10 provides (from the computational 
point of view) strong bounds on the prime factors of det L. 

Theorem 3.12. Let L he a strongly square free, totally-reflective lattice. 

(a) Let dimL = 3 and detL = qvqs with s<9. Assume qi < ■ ■ ■ < qs. Then 



91 

92 

93 

94 

95 

96 

97 

98 

99 

< 

89 

257 

733 

1063 

1033 

607 

293 

113 

37 


(b) Let dimL = 4 and detL = p\---p^qi---qs with r < 9 and s < 8 - r. Assume 
Pi < ■■■ <pr and qi < ■ ■ ■ < qs. Then 



Pi 

P2 

P3 

PA 

Pb 

L6 

P7 

L8 

P9 

< 

191 

661 

1601 

2069 

1831 

997 

449 

157 

47 



9i 

92 

93 

94 

95 

96 

97 

98 

< 

11287 

6427 

3613 

1597 

653 

229 

67 

19 


Proof. By using Lemma 3.10 we can repeatedly increase a prime factor (and thus 
decrease the function Nj-ef / M) until the necessary condition Nj-ef (det L)/ M(det L) > 
1 is violated. □ 

Remark 3.13. 

(1) With the help of Theorem 3.8 and Theorem 3.12, the enumeration of all 
strongly square free, totally-reflective genera can be carried out compu¬ 
tationally. One produces all genera up to the given bounds and checks 
whether they are totally-reflective. The number of possible genera is finite 
since we deal with strongly square free lattices. The list is included in 
section 6. 

(2) It turns out in section 6 that the largest occuring value for the number of 
prime factors is 

(r,s) = 


(3,3), in dimension 4, 
(0,4), in dimension 3. 
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The largest prime factor p occuring in dimension 4 is 


|l3, if np(det) = 2, 
|l7, if np(det) = 1. 


and p = 23 in dimension 3. 


4. Completing the classification 


Now, after we found all strongly square free, totally-reflective genera, our next 
goal is to gradually weaken the restriction “strongly square free”. This is done in two 
steps. First, we drop the assumption “strong” by applying the partial dualization 
operator (this is easy). In a second step we drop the assumption “square free” which 
turnes out to be somewhat more difficult. We need to clarify for which primes we 
have to consider pre-images under the Watson transformation. 


4.1. Prom strongly square free to square free. 


Definition 4.1. Let L be an integral lattice and p € P. The partial dual of L at p 
is defined as Dp(L) := n L^). 


In contrast to the usual dual operator, the partial dual operator only dualizes 
the lattice at the prime spot p. That means 


Dp(L) Zq = 


Hl*), ifg=p, 

\iq+p. 


This has the following effect on the Jordan decomposition of a square free lattice 
L = Lq 1 

Dp(L) Zp = Li ± 


Thus, starting with a strongly square free lattice, one can construct a (not neces¬ 
sarily strongly) square free, primitive lattice by applying Dp for p | detL (and 
vice versa). For a set of primes / := {pi,"-,Pfc} £ P we use the abbreviation 
D/ := Dpj o-- - o Dp^ (where D 0 := id) which is well-defined since two partial dual 
operators with respect to different primes commute. Clearly, Dp extends to a well- 
defined bijective function Q{L) —> Dp{Q{L)) = C/(Dp(L)). 

The next lemma shows that the partial dual behaves “well” relative to the prop¬ 
erty “totally-reflective”. 


Lemma 4.2. Let L be an integral lattiee. Then L is totally-reflective if and only 
ifDp{L) is totally-refleetive. 

Proof. Recall that the property “reflective” can be characterized by the action of 
W{L) on V. Since W{L) = IF(Dp(L)), it is clear that L is reflective iff Dp(L) 
is reflective. Thus, the assertion follows from the bijectivity of Dp : Q{L) —> 
Dp(e(L)). □ 

Theorem 4.3. Let%i be the set of all strongly square free, totally-reflective genera 
in dimension n 6 {3,4}. Let V{d) be the power set of the set of all prime factors of 
d-.= detG. Then 

U U 

S€r„ liV(d) 

is the set of all square free, totally-reflective, primitve genera in dimension n. 
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Proof. This is a consequence of Lemma 4.2, the bijectivity of G{L) —>• P>p{G{L)) 
and the above discussion. □ 


4.2. Prom square free to all. The techniques we will use in this subsection are 
based on the following definition, going back to Watson, cf. [Wat 6 2) . [Wat73) . 


Definition 4.4. Let L be an integral lattice and p e P. The Watson transformation 
of L at p is defined as Ep(L) := L+ {^Lr\pU^). 

The usefulness of Ep becomes clear when we consider its effect on the Jordan 
decomposition. Let L be an integral lattice with Lp = Lq L ^Li 1 ••• 1 ^ Then 


Ep(L) ®z Zq = 


(Lo 1 L 2 ) 1 P(Li 1 L 3 ) 1 P L 4 1 ••• 1 X, 

L ®z Zq, 


a q = p, 
ii q + p. 


Hence, after repeatedly applying the Watson transformation, a primitive lattice 
transforms into a square free, primitive lattice. Similar to the partial dual, Ep 
extends to a well-defined surjective function G{L) —^ Ep(^(L)) = ^(Ep(L)). 

Lemma 4.5. Let L be a totally-reflective lattice. Then Ep(L) is totally-reflective. 


Proof. The assertion implies that W{L) has no nonzero fixed vectors, thus neither 
has W(Ep{L)) since W{L) £ W{Ep{L)). Hence the assertion follows from the 
surjectivity of Ep. □ 


It may happen that prime factors disappear from the determinant after applying 
the Watson transformation. Thus, when calculating pre-images under Ep, one has 
to decide which primes p to consider (besides the prime factors of the determinant). 
An answer to this question is given by the follwing two lemmata. 

Lemma 4.6. Let L be an integral lattice, p an odd prime with p f detL and 

KeEp{L)-K 

(a) //dimL = 3 then, 

(b) If dim L = 4 then, 

Proof. This follows from the mass formula and Lemma 3.2. □ 


Since we no longer deal only with strongly square free lattices, the following 
extended definition of Ni.ef(L) becomes necessary: 

N.ef(L) := + ^illiL), 
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with 


refV ) 32 72 


96 5760’ 


nCl(x) ^Q{x) 1 

/(i) ■=y‘ 2 -— + -— + —, 

refV ^ a 7 g 24 


c\d 




. /i:.|a(2^ + i)-(2^ + ^). ifdimL = 4, 


if dimL = 3. 


It follows from a calculation similar to Lemma 3.9 that mi.ef(L) < Nref(L), for a 
not necessarily strongly square free lattice L. 


Lemma 4.7. Let L be an integral lattice, p an odd prime with p -f detL and 
■pi 

(a) If dim L = 3 then, 


KeEp{L)-\ 


(b) If dim L = 4 then. 


Nref(i^)<81-Nref(L). 


Nref(if) <5103-Nref(L). 


Proof, (b) Let d := det L. The assumption implies K ®x’^p = Kq K 2 , in partic¬ 
ular det iL = det L • dim ^ ^2 := dim LCz < 3. Thus 


nL1W=3 


3n(dp^"2) 2^(dp’^'*^) 53 


+ 2 - 


16 32 

<42n..N(4)(^)_ 


72 


-1-3- 


96 


5760 


For the other two cases we consider the decomposition 

2 n 2 

D{detK) = \JfD{d). 

i=0 


y 2 


r\D(d) 


^ 0 ( 3 :) 2^(^) ^ 

8 16 ^ 


3n(pa:) 2 ^(p^) I 

-H ^ 2-1 - -1 - 

xikd) 8 16 24 


20(p^"^x) 2^(p^"^^) 1 

S 2 g + 


xlD(d) 

<32”^(l + 2n2)-4fl(L). 


16 


24 


Hence 
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and 





2(iix) 5 \ 

4 

2 ^( px ) 5 \ ( 5 

4 ^ j' r 4 ^ 



= E: 

a:|d 
< 2^ 


/ 2n(p^"^x) 5\ 

(l + 2n2)-N(ff\L). 


^ 2Cl(d/x) r > 

2 - 1 — 

I 4 24, 


Finally note that niax{4^”^,3^"^(l + 2n2),2^"^(1 + 2n2)} < 5103 for n 2 e {1,2,3}. 
Part (a) of this lemma follows from a similar calculation. □ 

Corollary 4.8. Let L be an integral lattiee, p an odd prime with p -f detL and 
KeEp(L)-\ 

(a) If K is totally-reflective and dimi = 3 then 

, -1 


81 


Nref(F) 

m{L) 


1 


1+p' 


t ) Ph 


1-p 


> 1 . 


(b) If K is totally-reflective and dimL = 4 then 

^refjL) ( C(4) / 1 3/1 

m(L) l2C(2)2 il+p-ij ^ ^ 


> 1 . 


Proof. Combine Lemma 4.6 and Lemma 4.7. 


□ 


Remark 4.9. Since the p-term in the above inequalities depends monotonically 
decreasingly on p (for p \ 2detL) and Nref(L)/m(L) does not depend on p at all, 
it is straightforward to decide when the statement of Corollary 4.8 is satisfied. 

Given the set of all square free, totally-reflective, primitive genera, one can pro¬ 
duce all totally-reflective, primitive genera by using Corollary 4.8 and Lemma 4.5. 
First, Corollary 4.8 tells us which (finitely many) primes one has to concider when 
calculating pre-images under Ep. Then, during the process of repeatedly generating 
lattices K e Ep(L)“^, Lemma 4.5 tells us that we can stop and proceed with the 
next lattice when a non totally-reflective lattice occurs. Eventually this process 
will terminate since the number of totally-reflective genera is finite. Furthermore, 
Lemma 4.5 implies that every totally-reflective genus will be produced this way. 


5. Reflective Lorentzian lattices and hyperbolic reflection groups 

We want to outline some applications to the theory of reflective Lorentzian lat¬ 
tices and hyperbolic reflection groups. A more detailed investigation will be pre¬ 
sented in a (near) future work. 

A Lorentzian lattice E, that is an integral Z-lattice of signature (n, 1), is called 
reflective if the Weyl group of E has a finite index in 0(E). In terms of reflection 
groups this means that W(E) induces an arithmetic reflection group on the hy¬ 
perbolic space of dimension n that has a fundamental polyhedron of finite volume. 
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The connection to totally-reflective, postive definite lattices is described in the next 
lemmata. 

Lemma 5.1. Let E be a square free, reflective lattice of signatrue (n, 1) with n > 4. 
Then E can be written as E = “H 1 L with L beeing a square free, totally-reflective, 
positive definite lattice of dimension n - 1 and a € Z. If E is strongly square free 
one can choose a = 1 in the cases n = 6,n > 8 and a e {1,2} in the cases n = 4,5,7. 

Proof. For n = 6 and n > 8 this follows immediately from [VinSlj . Proposition 20. 
In cases where this proposition is not applicable one uses elementary manipulations 
of the genus symbol of E to see that a (scaled) hyperbolic plane splits E. This is 
possible since the class number of square free Lorentzian lattices is 1. Vinberg’s 
Lemma implies that the positive definite part is totally-reflective, cf. |Vin72b] . □ 

The group theoretical version of this lemma reads as follows: 

Lemma 5.2. Let W be a maximal, arithmetic reflection group on the hyperbolic 
space of dimension n > 4. Then W can be written as 

W = W* {MlL) or W = W^{^L L) 

with L beeing a square free, totally-reflective, positive definite lattice of dimension 
n-1. The 2 scaled hyperbolic plane is only necessary in the cases n e {4,5}. 

Proof. Since W is maximal and arithmetic one can find a Lorentzian lattice E with 
W = W{E). After repeated use of Dp and Ep we can assume that E is strongly 
square free. The assertion then follows from the previous lemma. □ 

The following list is a complete classification of all strongly square free, reflective 
lattices of signature (5,1). As mentioned before, a more detailed proof will be given 
in a future work. 

Theorem 5.3. The Lorentzian lattices of signature (5,1) in the table below are 
reflective. Every square free, reflective Lorentzian lattice of signature (5,1) is iso¬ 
metric to one in the table below. 

Proof. Our classification of totally-refelctive lattices provides a list of possible can¬ 
didates to which we apply Vinberg’s algorithm, cf. |Vin72a) . §3. In the cases 
where the algorithm does not terminate, we prove non-reflectivity with the help 
of a method introduced by Bugaenko in |Bug92| and by embedding non-reflective 
lattices of smaller dimension. □ 

The notation “H 1 Genus means that L can be choosen arbitrary within the given 
4-dimensional genus. The combinatorial structure of the fundamental polyhedron 
is given as follows: 

r = Number of fundamental roots = Number of 4-dimensional faces, 

/s = Number of 3-dimensional faces, 

/2 = Number of 2-dimensional faces, 
e = Number of edges, 

V = Number of vertices, 
c = Number of cusps (vertices at infinity). 

No. I -det I Lattice I I /a I /2 I e laic 
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1 

1 

H ± I(1J4) 

6 

15 

20 

15 

5 

1 

2 

2 

HiW) 

7 

20 

30 

24 

8 

1 

3 

3 

H± 1(3-1) 

7 

21 

33 

27 

9 

1 

4 

3 

H± 1(311) 

8 

25 

40 

34 

12 

1 

5 

4 

H 1 II(2(i2) 

6 

15 

20 

15 

5 

1 

6 

4 

H± 1(2^2) 

7 

21 

33 

27 

8 

2 

7 

5 

Hi 11(511) 

6 

15 

20 

15 

5 

1 

8 

5 

Hi 1(511) 

8 

25 

40 

34 

11 

2 

9 

5 

Hi 1(5-1) 

9 

32 

57 

51 

18 

1 

10 

6 

Hi 1 ( 211311 ) 

9 

32 

57 

51 

18 

1 

11 

6 

Hi 1 ( 2513 - 1 ) 

9 

31 

53 

45 

14 

2 

12 

7 

Hi 1 ( 511 ) 

11 

42 

77 

70 

24 

2 

13 

8 

H 1 I( 2 J 3 ) 

8 

25 

40 

33 

10 

2 

14 

9 

H 111 ( 312 ) 

7 

21 

33 

27 

9 

1 

15 

9 

Hi 1 ( 312 ) 

8 

28 

50 

44 

14 

2 

16 

9 

H 1 1(3-2) 

9 

32 

57 

51 

16 

3 

17 

10 

Hi 1(2315-1) 

12 

49 

94 

86 

28 

3 

18 

12 

Hi 11(2123-1) 

7 

21 

33 

27 

9 

1 

19 

12 

Hi 11 ( 2 ^ 31 !) 

8 

25 

40 

34 

12 

1 

20 

22-12 

2H 11(2123-1) 

8 

25 

40 

34 

12 

1 

21 

22-12 

2 H 1 1(2fj23ii) 

7 

21 

33 

27 

9 

1 

22 

12 

Hi 1(2523-1) 

9 

33 

59 

50 

14 

3 

23 

12 

Hi 1(2523+1) 

11 

42 

77 

68 

20 

4 

24 

14 

Hi 1(251711) 

15 

67 

135 

127 

42 

4 

25 

15 

Hi 1(311511) 

16 

74 

153 

148 

52 

3 

26 

15 

Hi 1(3-15-1) 

15 

66 

131 

122 

40 

4 

27 

15 

Hi 1(3115-1) 

12 

54 

114 

113 

42 

1 

28 

18 

H 1 1 ( 2513 - 2 ) 

14 

62 

125 

116 

36 

5 

29 

18 

Hi 1(251312) 

12 

51 

101 

93 

30 

3 

30 

20 

Hi 11(212511) 

8 

25 

40 

34 

11 

2 

31 

20 

Hi 11(2525-1) 

8 

25 

40 

34 

12 

1 

32 

20 

Hi 1(2525-1) 

16 

74 

151 

140 

44 

5 

33 

21 

Hi 11(3-1711) 

9 

32 

57 

51 

18 

1 

34 

24 

Hi 1 ( 2533 + 1 ) 

11 

43 

80 

71 

22 

3 

35 

24 

H 1 1 ( 2533 - 1 ) 

11 

43 

80 

71 

22 

3 

36 

25 

H 1 11(5-2) 

9 

33 

61 

57 

21 

1 

37 

25 

H 1 1(5-2) 

21 

120 

282 

288 

102 

5 

38 

25 

Hi 1(512) 

14 

67 

144 

142 

46 

7 

39 

27 

H 1 1 ( 313 ) 

9 

34 

64 

58 

18 

3 

40 

27 

H 1 1(3-3) 

9 

34 

64 

58 

18 

3 

41 

28 

Hi 11(252711) 

11 

42 

77 

70 

24 

2 

42 

22-28 

2H 1 I( 25 i 27 i 1 ) 

11 

42 

77 

70 

24 

2 

43 

36 

H 1 II(25i23-2) 

7 

21 

33 

27 

8 

2 

44 

36 

H 1 II(25j23i2) 

8 

28 

50 

44 

14 

2 

45 

36 

Hi 11(252312) 

10 

38 

69 

59 

17 

3 

46 

22-36 

2H 11(212312) 

10 

38 

69 

59 

17 

3 

47 

36 

H 1 1 ( 2523 - 2 ) 

16 

83 

184 

177 

54 

8 












20 


IVICA TURKALJ 


48 

36 

H 1 1 ( 2 + 23 + 2 ) 

11 

47 

94 

87 

27 

4 

49 

45 

Hi 11 ( 3 - 25 + 1 ) 

12 

50 

98 

92 

30 

4 

50 

49 

H 1 11(7+2) 

16 

80 

176 

176 

64 

2 

51 

54 

H 1 1 ( 2313 + 3 ) 

16 

75 

156 

145 

42 

8 

52 

54 

Ml 1 ( 2313 - 3 ) 

18 

99 

230 

231 

78 

6 

53 

60 

Hi 11 ( 2 + 23 + 15 + 1 ) 

16 

74 

153 

148 

52 

3 

54 

60 

Hi 11(2^23-15-1) 

15 

66 

131 

122 

40 

4 

55 

60 

Hi 11 ( 2 + 23 + 15 - 1 ) 

12 

54 

114 

113 

42 

1 

56 

22-60 

2 H 11 ( 2 ( 123 + 15 + 1 ) 

15 

66 

131 

122 

40 

4 

57 

22-60 

2 H 1 1 ( 2 + 23 - 15 - 1 ) 

16 

74 

153 

148 

52 

3 

58 

22-60 

2 H 1 1 ( 2 + 23 - 15 + 1 ) 

12 

54 

114 

113 

42 

1 

59 

72 

H 1 1 ( 2533 - 2 ) 

24 

128 

284 

274 

84 

12 

60 

72 

H 1 I(2^33 -f2 ) 

14 

66 

140 

134 

44 

4 

61 

75 

Hi 1 ( 3 + 15 - 2 ) 

86 

672 

1788 

1902 

660 

42 

62 

84 

HiII(2i-i23+i7+i) 

16 

74 

153 

148 

52 

3 

63 

100 

H 1 II(2i-25+2) 

9 

33 

61 

57 

19 

3 

64 

100 

H 111 ( 2 + 25 - 2 ) 

21 

120 

282 

288 

102 

6 

65 

108 

H 111 ( 2 ^ 23 - 3 ) 

9 

34 

64 

58 

18 

3 

66 

108 

Hi 11 ( 2523 + 3 ) 

9 

34 

64 

58 

18 

3 

67 

22 -108 

2 H 11 ( 2 + 23 - 3 ) 

9 

34 

64 

58 

18 

3 

68 

22 -108 

2 H 1 I( 2 )j 23 + 3 ) 

9 

34 

64 

58 

18 

3 

69 

108 

H 1 1 ( 2 + 23 + 3 ) 

16 

85 

193 

188 

56 

10 

70 

108 

H 1 1 ( 2423 - 3 ) 

16 

85 

193 

188 

56 

10 

71 

125 

H 1 11(5+3) 

10 

40 

80 

80 

30 

2 

72 

125 

Hi 1(5+3) 

20 

115 

280 

295 

100 

12 

73 

180 

HiII(2i-j23+25+1) 

16 

80 

177 

178 

64 

3 

74 

196 

H 1 II(2i-27-2) 

15 

72 

156 

159 

54 

8 

75 

216 

H 1 I(2(:33+3) 

24 

138 

324 

324 

104 

12 

76 

216 

H 1 1 ( 2733 - 3 ) 

24 

138 

324 

324 

104 

12 

77 

300 

Hi 11(2723+15-2) 

86 

672 

1788 

1902 

660 

42 

78 

22 - 300 

2 H 1 I( 27 j 23 - 15 - 2 ) 

86 

672 

1788 

1902 

660 

42 

79 

500 

H 1 II( 2 j+i 25 + 3 ) 

20 

115 

280 

295 

100 

12 

80 

500 

H 1 II(2i-25-3) 

12 

56 

124 

126 

44 

4 


Table 1. Reflective lattices of siganture (5,1) 


Corollary 5.4. Every maximal, arithmetic reflection group on the hyperbolic 5- 
space is of the form W'^(E) where E is a lattice from the table above. 

6. Totally-REFLECTIVE genera 

All discussed calculations were performed using MAGMA, cf. [BCP97| . We 
used some self-implemented programs to produce all genus symbols of strongly 
square free genera up to a given bound and determine whether a genus is totally- 
reflective as well as an algorithm for calculating pre-images under the Watson- 
transformation. Furthermore, we used a program to generate a representative 1- 
lattice for a given genus symbol implemented by Kirschmer & Lorch, cf. [KL13) . 
The (self-implemented) algorithms are available on request. 
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6.1. Dimension 3. 1234 genera, of which 289 are square free and 52 strongly 
square free. 


det 

Genus 

h 

det 

Genus 

h 

det 

Genus 

h 

1 

1(15") 

1 

2 

1 ( 251 ) 

1 

3 

1(3-") 

1 

3 

1(3-1) 

1 

4 

1(25^) 

1 

4 

11 ( 45 ") 

1 

4 

1(45") 

1 

5 

1(5-1) 

1 

5 

1(5-") 

1 

6 

11 ( 2513 - 1 ) 

1 

6 

1 ( 2513 - 1 ) 

1 

6 

1(25"3-") 

1 

7 

1(7-1) 

2 

8 

1 ( 251451 ) 

1 

9 

1(3-") 

1 

9 

1(9-1) 

1 

9 

1(9-1) 

1 

9 

1(3-2) 

1 

10 

1 ( 2515 - 1 ) 

2 

10 

1 ( 2515 - 1 ) 

1 

11 

1(11-") 

1 

12 

1 ( 2523 - 1 ) 

1 

12 

1(25^3-1) 

1 

12 

1(24-"3-1) 

1 

12 

11 ( 4513 - 1 ) 

1 

12 

1 ( 4513 - 1 ) 

1 

12 

1 ( 4513 - 1 ) 

1 

12 

11 ( 4513 - 1 ) 

1 

12 

1 ( 4513 - 1 ) 

1 

14 

11 ( 2517 - 1 ) 

1 

14 

1 ( 2517 - 1 ) 

2 

15 

1 ( 3 - 15 - 1 ) 

2 

15 

1 ( 3 - 15 - 1 ) 

2 

15 

1 ( 3 - 15 - 1 ) 

1 

15 

1 ( 3 - 15 - 1 ) 

1 

16 

I(4ii") 

1 

16 

1(45^) 

1 

16 

1 ( 165 -") 

1 

16 

1(165") 

2 

17 

1(17-1) 

2 

18 

11(25"3-2) 

1 

18 

1(25"3-2) 

1 

18 

1 ( 2519 - 1 ) 

2 

18 

1 ( 2513 - 2 ) 

1 

20 

1 ( 2525 - 1 ) 

2 

20 

1 ( 2525 - 1 ) 

1 

20 

11 ( 4515 - 1 ) 

1 

20 

1 ( 4515 - 1 ) 

1 

20 

1 ( 4515 - 1 ) 

2 

20 

11 ( 4515 - 1 ) 

1 

21 

1 ( 3 - 17 - 1 ) 

2 

21 

1 ( 3 - 17 - 1 ) 

2 

21 

1 ( 3 - 17 - 1 ) 

1 

24 

1 ( 2514513 - 1 ) 

2 

24 

1 ( 2514513 - 1 ) 

1 

25 

1(5-2) 

1 

25 

1(5-2) 

1 

27 

1 ( 3 - 19 - 1 ) 

1 

27 

1 ( 3 - 19 - 1 ) 

1 

27 

1 ( 3 - 19 - 1 ) 

1 

27 

1 ( 3 - 19 - 1 ) 

1 

28 

1 ( 2 - 27 -") 

1 

28 

1 ( 2527 - 1 ) 

2 

28 

11 ( 4517 - 1 ) 

2 

28 

1 ( 4517 - 1 ) 

2 

30 

1 ( 2513 - 15 - 1 ) 

1 

30 

11 ( 2513 - 15 - 1 ) 

2 

30 

11 ( 2513 - 15 - 1 ) 

1 

30 

1 ( 2513 - 15 - 1 ) 

2 

30 

1 ( 2513 - 15 - 1 ) 

2 

32 

1 ( 251165 ") 

1 

32 

1 ( 251165 ") 

1 

32 

1 ( 251165 !) 

1 

32 

1 ( 251165 ") 

1 

33 

1(3-111-1) 

2 

33 

1(3-111-1) 

2 

35 

1 ( 5 - 17 - 1 ) 

1 

35 

1 ( 5 - 17 - 1 ) 

2 

36 

1 ( 2523 - 2 ) 

1 

36 

1 ( 2523 - 2 ) 

1 

36 

1 ( 2529 - 1 ) 

2 

36 

1 ( 2523 - 2 ) 

1 

36 

11 ( 4513 - 2 ) 

1 

36 

11 ( 4519 - 1 ) 

1 

36 

11 ( 4319 - 1 ) 

1 

36 

1(45"3-2) 

1 

36 

11 ( 4513 - 2 ) 

1 

36 

1 ( 4513 - 2 ) 

1 

36 

1 ( 4519 - 1 ) 

2 

36 

1 ( 4513 - 2 ) 

1 

39 

1(3-113-1) 

1 

40 

1 ( 2514515 - 1 ) 

2 

42 

11 ( 2513 - 17 - 1 ) 

2 

42 

1 ( 2513 - 17 - 1 ) 

2 

42 

1 ( 2513 - 17 - 1 ) 

2 

44 

11 ( 45111 - 1 ) 

1 

45 

1 ( 3 - 25 - 1 ) 

2 

45 

1 ( 3 - 25 - 1 ) 

2 

45 

1 ( 3 - 25 - 1 ) 

1 

45 

1 ( 3 - 25 - 1 ) 

1 

45 

1 ( 9 - 15 - 1 ) 

2 

48 

1 ( 4523 - 1 ) 

1 

48 

1(4-23-1) 

1 

48 

1 ( 4523 - 1 ) 

1 

48 

1 ( 4523 - 1 ) 

1 

48 

1(45^3-1) 

1 

48 

11 ( 16513 - 1 ) 

2 

48 

1 ( 16513 - 1 ) 

2 

48 

1 ( 16513 - 1 ) 

1 

48 

1 ( 16513 - 1 ) 

2 

48 

1 ( 16513 -") 

2 

49 

1(7-2) 

2 

50 

1(25"5-2) 

1 

50 

1 ( 2515 - 2 ) 

2 

51 

1(3-117-1) 

2 

54 

11 ( 2513 - 19 - 1 ) 

2 

54 

1 ( 2513 - 19 - 1 ) 

1 

54 

1 ( 2513 - 19 - 1 ) 

1 

54 

1 ( 2513 - 19 - 1 ) 

1 

54 

1 ( 2513 - 19 - 1 ) 

1 

56 

1 ( 2514517 - 1 ) 

3 

57 

1(3-119-1) 

2 

60 

1 ( 2523 + 15 + 1 ) 

2 

60 

1 ( 2523 - 15 + 1 ) 

1 

60 

I(25i23+i5+i) 

2 

60 

1 ( 25123 - 15 - 1 ) 

1 

60 

1 ( 2523 - 15 - 1 ) 

2 

60 

11 ( 4513 - 15 - 1 ) 

1 

60 

11 ( 4513 - 15 - 1 ) 

1 

60 

1 ( 4513 - 15 - 1 ) 

2 

60 

1 ( 4513 - 15 - 1 ) 

2 

60 

11 ( 4513 - 15 - 1 ) 

2 






60 

ll( 4 t^ 3 -i 5 -i) 

2 

63 

1(3-27-1) 

2 

65 

1 ( 5 + 113 - 11 ) 

2 

69 

1 ( 3 - 123 + 1 ) 

3 

75 

1(3-15+2) 

1 

75 

1(3+15+2) 

2 

80 

1 ( 4 + 25 - 1 ) 

1 

80 

1 ( 4 ^ 25 + 1 ) 

1 

80 

1(16515+1) 

4 

81 

1 ( 9 + 2 ) 

1 

84 

I( 2 g 23 +i 7 +i) 

2 

84 

l( 4 (-i 3 +i 7 +i) 

2 

90 

11(2^13-25+1) 

2 

90 

1(2313-25+1) 

2 

96 

I( 2 (;il 6 ti 3 +i) 

2 

96 

I( 23 il 6 ti 3 -i) 

1 

96 

1(2^116313-!) 

1 

99 

1 ( 3 + 211 + 1 ) 

2 

100 

1 ( 2 + 25 + 2 ) 

2 

100 

1(4515+2) 

2 

105 

1(3-15-17-1) 

2 

108 

1(2^23+19-1) 

1 

108 

1(2423-19+1) 

1 

108 

11(4113-19-1) 

1 

108 

11(4513+19+1) 

1 

108 

1(4313-19+1) 

1 

112 

1 ( 4 + 27 + 1 ) 

2 

120 

I( 2 ^i 4 (-i 3 +i 5 +i) 

3 

125 

1 ( 5 + 125 + 1 ) 

1 

126 

11(2^19-17+1) 

3 

132 

1(2^23-111+!) 

3 

132 

I( 4 (;i 3 -ill+i) 

3 

135 

1(3+19-15+1) 

2 

135 

1(3+19-15-1) 

1 

144 

1 ( 4 j 23 - 2 ) 

1 

144 

1 ( 4 ^ 23 + 2 ) 

1 

144 

1 ( 4 + 23 + 2 ) 

1 

144 

1(16513+2) 

1 

144 

1 ( 16 ^ 13 + 2 ) 

2 

147 

1(3-17-2) 

2 

150 

ll( 2 (;i 3 +i 5 - 2 ) 

2 

150 

11(2513-15+2) 

1 

156 

I( 2 i+i 23 +i 13 + 1 ) 

3 

160 

I( 2 til 6 i-i 5 +i) 

2 

162 

l( 2 (-i 9 + 2 ) 

2 

175 

1(5+27-1) 

2 

180 

1(2+23+25+1) 

1 

180 

1(2523-25-1) 

2 
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60 

1(4+13-15+1) 

1 

63 

1(3+27+1) 

1 

66 

1(2513+111-1) 

3 

72 

1(25143-13+2) 

1 

75 

1(3+15-2) 

1 

77 

1 ( 7 + 111 - 1 ) 

3 

80 

1(4525-!) 

1 

80 

1(16515-1) 

2 

81 

1 ( 3 + 127 - 1 ) 

1 

84 

1(2523+17+1) 

2 

84 

11(4513-17+1) 

2 

84 

1(4513+17-1) 

2 

90 

1(2513+25+1) 

1 

90 

1(23-13+25-1) 

2 

96 

1(25116513-1) 

1 

96 

1(25116513-1) 

1 

98 

11(2517+2) 

1 

99 

1 ( 3 - 211 - 1 ) 

2 

100 

11(4515+2) 

1 

100 

11(4515-2) 

1 

105 

1(3-15+17+1) 

2 

108 

1(2523+19+1) 

1 

108 

1(2523-19-1) 

1 

108 

1(4513+19+1) 

2 

108 

1(4513+19-1) 

1 

108 

1(4513-19-1) 

1 

117 

1 ( 3 + 213 - 1 ) 

1 

121 

1(11-2) 

1 

126 

1(2513+27+1) 

2 

126 

1(2513+27-1) 

2 

132 

11(4513+111-1) 

2 

135 

1(3+19+15+1) 

2 

135 

1(3-19-15+1) 

2 

140 

11(4515+17-1) 

1 

144 

1(4529-1) 

1 

144 

1(4523-2) 

1 

144 

1 ( 4 + 23 + 2 ) 

1 

144 

1(16513+2) 

2 

144 

1(16519+1) 

4 

147 

1(3+17+2) 

1 

150 

1(2513+15-2) 

2 

150 

1(2513-15+2) 

2 

156 

11(4513+113-1) 

1 

160 

1(25116515+1) 

2 

165 

1(3+15+111-1) 

2 

175 

1(5-27+1) 

1 

180 

1(2523-25-1) 

2 

180 

1(2523+25-1) 

1 


63 

1(3+27-1) 

2 

64 

1(451165!) 

2 

68 

11(45117+1) 

2 

72 

1(2514513-2) 

2 

75 

1(3-15-2) 

2 

78 

11(2513-113-1) 

3 

80 

1(4525+1) 

2 

80 

1(16515+1) 

3 

81 

1 ( 9 - 2 ) 

1 

84 

1(2523+17-1) 

2 

84 

11(4513+17-1) 

1 

84 

11(4513+17+1) 

2 

90 

11(2513+25-1) 

1 

96 

1(25116513+1) 

2 

96 

1(25116513+1) 

2 

96 

1(25116513+1) 

2 

98 

1(2517+2) 

2 

100 

1(2525-2) 

1 

100 

1(4515-2) 

1 

105 

1(3+15-17+1) 

2 

105 

1(3-15-17+1) 

3 

108 

1(25123+19+1) 

2 

108 

11(4513-19+1) 

1 

108 

11(4513+19-1) 

1 

108 

1(4513+19+1) 

1 

112 

1 ( 4 + 27 + 1 ) 

2 

120 

1(2514513+15-1) 

2 

125 

1 ( 5 + 125 - 1 ) 

1 

126 

11(2513+27-1) 

2 

128 

1(2516451) 

4 

132 

11(4513-111+1) 

2 

135 

1(3-19+15-1) 

3 

135 

1(3+19+15-1) 

1 

140 

11(4515-17+1) 

2 

144 

1(4529+1) 

1 

144 

1(4529+1) 

2 

144 

11(16513-2) 

2 

144 

1(16519+1) 

3 

144 

1(16513+2) 

2 

147 

1(3+17-2) 

2 

150 

1(2513-15-2) 

1 

153 

1 ( 3 + 217 - 1 ) 

2 

160 

1(25116515+1) 

2 

160 

1(25116515+1) 

2 

171 

1 ( 3 + 219 + 1 ) 

2 

176 

1(45211-1) 

1 

180 

1(2523+25+1) 

2 

180 

11(4513+25-1) 

1 
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180 

11(4^13-25+1) 

1 

180 

1(4113+25-!) 

1 

180 

1(4513+25+1) 

2 

189 

1(3-19-17+1) 

2 

192 

I(43il6ti3+i) 

2 

196 

I(2f 7+2) 

2 

196 

II(4):i7+2) 

2 

204 

11(4+13-117+1) 

2 

210 

1(2:^13+15+17+1) 

3 

216 

I(23i4(-i3-i9+i) 

2 

224 

I(2^il6ti7+i) 

3 

225 

1(3+25-2) 

1 

225 

1(3+25+2) 

2 

240 

I(4g23+i5+i) 

2 

240 

I(4)-23-15+1) 

1 

240 

1(4^23-15+!) 

1 

245 

1(5+17-2) 

2 

252 

I(2g23+27+i) 

2 

252 

11(4513-27-1) 

2 

252 

1(4313+27-1) 

2 

256 

1(16^") 

2 

270 

II(2(;i3-i9+i5-i) 

2 

270 

1(2^13-19+15-!) 

2 

272 

1(4^-217+1) 

2 

288 

1(2^116513+2) 

1 

288 

1(2^116513-2) 

2 

288 

I(2(;il6^i3+2) 

1 

294 

11(2513-17-2) 

2 

297 

1(3+19+111-1) 

2 

300 

1(2523-15-2) 

2 

300 

1(2423+15-2) 

1 

300 

1(4513+15-2) 

1 

300 

11(4513-15-2) 

2 

315 

1(3+25+17+1) 

2 

315 

1(3+25+17-1) 

3 

324 

11(4513+127-1) 

1 

324 

1(4519+2) 

2 

336 

I(45i23+i7+i) 

2 

336 

I(45i23-i7+i) 

2 

336 

1(16513+17-1) 

4 

360 

1(2514513+25+1) 

2 

375 

1(3-15-125+1) 

3 

375 

1(3-15+125-1) 

1 

384 

1(25164513-1) 

4 

396 

11(4513+211+1) 

2 

400 

1(4525+2) 

1 

400 

1(4+25-2) 

1 

400 

1(16515+2) 

4 


180 

11(4519-15+1) 

2 

180 

11(4513+25+1) 

2 

189 

1(3-19+17+1) 

2 

189 

1(3+19+17-1) 

1 

192 

1(45116513+1) 

2 

196 

1(2+27+2) 

1 

198 

1(2513+211-1) 

3 

207 

1(3+223+1) 

3 

216 

1(2514513+19+1) 

2 

224 

1(25116517+1) 

3 

224 

1(25116517+1) 

3 

225 

1(9+15+2) 

2 

228 

11(4513+119-1) 

2 

240 

1(4523-15-1) 

2 

240 

I(45i23+i5+i) 

2 

240 

11(16513-15+1) 

2 

250 

1(2515-125-1) 

3 

252 

I( 2 i+j 23 + 27 - 1 ) 

2 

252 

11(4513+27+1) 

1 

252 

11(4513+27-1) 

2 

260 

11(4515+113+1) 

2 

270 

11(2513+19-15+1) 

2 

270 

1(2513-19-15-1) 

2 

276 

11(4513-123+1) 

3 

288 

1(25116513-2) 

2 

288 

1(25116513-2) 

2 

289 

1(17+2) 

2 

294 

1(2513-17-2) 

2 

297 

1(3+19-111-1) 

2 

300 

1(2523+15+2) 

2 

300 

11(4513-15+2) 

1 

300 

1(4513-15-2) 

2 

300 

11(4513+15+2) 

2 

315 

1(3+25-17-1) 

2 

320 

1(45116515+1) 

6 

324 

11(4519-2) 

1 

325 

1(5-213-1) 

2 

336 

1(4523+17+1) 

2 

336 

I( 45 j 23 + 17 - 1 ) 

1 

351 

1(3+19-113-1) 

2 

363 

1(3-111-2) 

2 

375 

1(3+15-125-1) 

2 

378 

11(2513-19-17+1) 

4 

392 

1(2514517+2) 

3 

396 

11(4513-211-1) 

2 

400 

1(4525-2) 

1 

400 

1(16515-2) 

2 

405 

1(9+25+1) 

2 


180 

1(4513-25-1) 

2 

180 

11(4513-25-1) 

2 

189 

1(3+19-17-1) 

1 

192 

1(45116513+1) 

2 

195 

1(3-15-113-1) 

3 

196 

1(4517+2) 

2 

200 

1(2514515-2) 

2 

210 

11(2513+15+17+1) 

2 

216 

1(2514513+19-1) 

2 

224 

1(25116517+1) 

3 

225 

1(3-25+2) 

1 

225 

1(3-25-2) 

2 

234 

11(2513+213-1) 

3 

240 

1(4523+15-1) 

1 

240 

1(4+23-15-1) 

2 

245 

1(5-17+2) 

1 

252 

1(2523+27-1) 

2 

252 

I(25i29+i7+i) 

3 

252 

1(4513+27+1) 

2 

256 

1(166^) 

1 

270 

1(2513+19+15-1) 

2 

270 

11(2513-19-15-1) 

2 

270 

1(2513+19-15+1) 

3 

288 

1(25116513+2) 

1 

288 

1(25116513+2) 

1 

288 

1(25116513-2) 

2 

294 

1(2513-17+2) 

2 

297 

1(3-19-111+1) 

3 

300 

I(25i23+i5+2) 

1 

300 

1(2523-15-2) 

2 

300 

11(4513+15-2) 

1 

300 

1(4513+15+2) 

2 

308 

11(4517+111-1) 

3 

315 

1(3-25+17-1) 

2 

324 

1(2+29+2) 

2 

324 

11(4519+2) 

1 

330 

11(2513-15-111-1) 

4 

336 

1(4523+17-1) 

2 

336 

1(16513+17-1) 

3 

360 

1(2514513+25-1) 

3 

363 

1(3+111+2) 

2 

375 

1(3-15+125+1) 

1 

378 

1(2513-19-17-1) 

3 

396 

1(2523+211+1) 

3 

396 

1(4513+211+1) 

3 

400 

1(4525+2) 

2 

400 

1(16515+2) 

3 

420 

1(2523-15-17+1) 

3 
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420 1(21^3-^5-17+1) 2 
420 11(4313-15+17+1) 2 
432 1(4+23+19-1) 1 

432 1(4^23-19-!) ^ 

432 I(4fi23-i9+i) 1 
432 11(16^13-19+!) 2 
432 1(16^13+19+1) 2 
432 1(16313+19+1) 2 
441 1(3+27-2) 2 
450 11(2^13+25+2) 1 
468 1(2 i+i 23+213+1) 3 
480 1(25116^13+15-!) 2 
480 1(25116313+15-1) 2 
480 1(23116313+15+1) 3 
500 1(22^5+125+1) 3 
500 I(4ti5+i25+i) 3 
525 1(3+15-27-1) 3 
525 1(3+15+27-1) 2 
528 1(4^23-111+!) 3 
540 1(2223+19-15+1) 2 
540 1(2+23-19+15-1) 2 
540 11(4513-19-15+1) 2 
540 1(4313+19+15+1) 2 
540 Il(4(-i3+i9+i5+i) 2 
540 1(4^13-19-15+1) 2 
576 l(43il6ti3+2) 2 
576 l(4(;il6^i3+2) 2 
588 1(2223+17-2) 2 
588 ll(4ti3+i7+2) 1 
588 11(4513+17-2) 2 

612 11(4313+217-1) 2 

630 1(2513+25-17-1) 3 
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1 

3920 

1(4)25+17-2) 

2 

4032 

1(4)116)13+27+1) 

6 

4116 

11(4^13+17-149+1) 

2 

4225 

1(5-213-2) 

2 

4320 

I(2)il6)i3+i9+i5-i) 

4 

4320 

1(25116^13+19+15-!) 

4 

4320 

I(2)il6)i3+i9+i5-i) 

4 

4320 

I(2)il6)i3+i9+i5-i) 

4 

4332 

lI(4ti3+il9+2) 

2 

4356 

1(2+23+211+2) 

3 

4356 

11(4)13-211-2) 

2 

4356 

11(4313+211+2) 

2 

4356 

1(4)13+211+2) 

3 

4410 

11(2)13+25+17+2) 

2 

4410 

1(2313+25+17+2) 

3 

4500 

1(2)123+25+125-1) 

2 

4500 

1(2)23+25+125-1) 

3 

4500 

11(4^13+25-125+!) 

1 

4500 

11(4)13+25-125-1) 

1 

4500 

11(4)13-25+125+1) 

2 

4500 

11(4^19-15+125-1) 

3 

4500 

11(4)13+25+125-1) 

3 

4500 

1(4)13+25+125-1) 

3 

4563 

1(3+19-113-2) 

2 

4624 

I(4 )i 217+2) 

2 

4725 

1(3-19+15-27-1) 

2 

4725 

1(3-19-15-27-1) 

2 

4725 

1(3+19+15+27-1) 

3 

4752 

1(4)23-19-111+1) 

3 

4752 

I(4i-j23+i9+ill-i) 

2 

4752 

1(4)23+19-111-1) 

2 

4761 

1(3+223+2) 

3 

4900 

11(4315-27+2) 

1 

4900 

11(4)15+27-2) 

2 

4950 

11(2)13+25-211-1) 

4 

5040 

1(4^23+25+17-1) 

3 

5040 

1(4)123+25+17-1) 

3 

5040 

1(4)123+25+17+1) 

2 

5040 

1(4)123+25-17-1) 

2 

5040 

1(4)123-25+17-1) 

2 

5184 

1(4)116)19+2) 

6 

5200 

I(4i-i25-2l3-i) 

2 

5292 

1(2)123+19+17-2) 

4 

5292 

1(2)23+19+17+2) 

3 

5292 

11(4)13-19+17-2) 

2 

5292 

11(4)13+19-17+2) 

1 

5292 

11(4)13-19-17-2) 

2 

5292 

11(4)13+19+17+2) 

1 

5292 

1(4313+19+17+2) 

3 

5376 

1(16)23+17-1) 

4 

5376 

1(16)23+17-1) 

3 

5400 

1(2)14)13-19-15-2) 

4 

5445 

1(3+25-111-2) 

2 

5616 

1(4)123+19-113-1) 

2 

5808 

1(4)23+111+2) 

3 

5808 

I(4)i23-i11-2) 

2 

5808 

1(4)23+111+2) 

2 

5929 

1(7+211+2) 

3 

6000 

I(4)i23+i5-i25-i) 

2 

6000 

I(4)i23-i5+i25+i) 

1 

6000 

I(4)i23-i5+i25-i) 

1 

6000 

1(4)123-15-125+1) 

3 

6000 

1(4)23-15-125+1) 

3 

6084 

I(2 )i 23+213+2) 

3 

6084 

11(4)13+213-2) 

1 

6300 

1(2)123+25-27+1) 

2 

6300 

1(2)23+25-27+1) 

3 

6300 

11(4)13-25-27+1) 

2 

6300 

11(4)13+25+27+1) 

2 

6300 

11(4)13+25-27-1) 

2 

6300 

11(4)13+25-27+1) 

3 

6300 

1(4)13+25-27+1) 

3 

6348 

11(4)13+123+2) 

3 

6400 

1(16)25-2) 

2 

6400 

1(16)25+2) 

3 

6400 

1(16)25+2) 

4 

6480 

1(4)29+25+1) 

2 

6615 

1(3-19-15-17+2) 

3 

6615 

1(3+19+15+17+2) 

2 

6615 

1(3+19-15+17+2) 

2 

6750 

11(2)13+19-15+125-1) 

4 

6750 

1(2)13+19-15+125-1) 

6 

6912 

1(16)23+19-1) 

2 

6912 

1(16)23+19+1) 

2 

6912 

1(16)23+19+1) 

4 

6912 

1(16)123-19+1) 

2 

6912 

1(16)123-19-1) 

2 

6912 

1(16)23+19+1) 

4 

6912 

1(16)23+19+1) 

2 

7056 

1(4)123-27-2) 

2 

7056 

I(4n23+27+2) 

1 

7056 

1(4)23+27-2) 

2 

7056 

1(4)23+27+2) 

2 

7056 

1(4+23+27-2) 

2 

7056 

1(16)13+27+2) 

3 

7056 

1(16)13+27+2) 

4 

7200 

1(2)116)13+25-2) 

2 

7200 

1(2)116)13+25+2) 

3 

7200 

1(2)116)13+25-2) 

2 

7200 

1(2)116)13+25+2) 

3 

7200 

1(2)116)13+25-2) 

2 

7200 

1(2)116)13+25-2) 

2 

7200 

1(2)116)13+25+2) 

3 

7200 

1(2)116)13+25+2) 

3 

7260 

1(2)123-15+111+2) 

4 

7260 

II(4)i3-i5+ill-2) 

2 

7350 

11(2)13-15-27+2) 

2 

7350 

1(2)13-15-27+2) 

3 

7605 

1(3+25-113+2) 

3 

7875 

1(3+25-125-17-1) 

3 

7920 

1(4)23+25-111-1) 

2 

7938 

11(2)19+27+2) 

3 

8000 

I(4)il6)i5+i25+i) 

12 

8100 

11(4)19+25+2) 

2 

8112 

I(4)i23+i13-2) 

1 

8208 

1(4)123+19-119-1) 

3 
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8400 

I(4iY3+^5-27"1) 

3 

8400 

1(4523+15-27-1) 

3 

8400 

1(4523-15-27-+) 

2 

8400 

I( 4 j- 23 +i 5-2 7 +i) 

2 

8400 

1(4523+15+27-1) 

2 

8624 

1(45-27+211+1) 

3 

8820 

I( 2 iY 3 + 25 -i 7 + 2 ) 

2 

8820 

1(2523+25-17+2) 

3 

8820 

11(4513+25-17-2) 

2 

8820 

II( 4 ^^ 3 + 25 +i 7 -" 2 ) 

2 

8820 

11(4513-25-17+2) 

2 

8820 

11(4513+25-17+2) 

3 

8820 

1(4513+25-17+2) 

3 

9075 

1(3+15-211-2) 

2 

9126 

11(2513-19-113+2) 

6 

9360 

I( 4 fj 23 + 25 +il 3 -i) 

3 

9408 

1(45116513+17+2) 

6 

9450 

11(2513-19+15-27-1) 

4 

9747 

1(3+19-119+2) 

3 

9900 

1(2523+25-211+1) 

4 

9900 

11(4513+25-211-1) 

2 

10125 

1(9+25+125-1) 

3 

10140 

11(4513-15+113+2) 

3 

10404 

11(4513+217-2) 

2 

10500 

11(4313-15+125+17+1) 

3 

10800 

1(4523-19+15-2) 

2 

10800 

1(4523+19-15+2) 

3 

10800 

1(4+23-19-15-2) 

2 

10800 

1(4523-19+15+2) 

1 

10800 

1(4523-19-15+2) 

1 

10800 

I( 4 fi 23 +i 9 +i 5 - 2 ) 

2 

10800 

1(4523+19+15-2) 

2 

10800 

1(4523-19+15-2) 

2 

10800 

I( 4 g 23 +i 9 -i 5 + 2 ) 

3 

10800 

1(4523-19-15-2) 

2 

10800 

11(16513+19+15-2) 

4 

10890 

11(2313+25+111+2) 

4 

11025 

1(3-25-27+2) 

2 

11025 

1(3+25-27-2) 

2 

11025 

1(3+25+27+2) 

2 

11025 

1(3+25-27+2) 

3 

11520 

1(165i23+25-1) 

2 

11700 

11(4^13+25-213+1) 

3 

11760 

1(4523-15+17+2) 

3 

11760 

1(45123+15+17+2) 

2 

11760 

I( 4 i-i 23 -i 5 +i 7 - 2 ) 

2 

11760 

1(45123-15-17+2) 

2 

11760 

1(45123-15+17+2) 

3 

12096 

I( 4 jil 6 ti 3 +i 9 +i 7 -i) 

12 

12348 

11(4513+27+149-1) 

2 

12675 

1(3+15-213+2) 

3 

12996 

11(4313+219+2) 

2 

13068 

11(4513-19+111-2) 

2 

13068 

11(4513-19-111-2) 

2 

13068 

II( 4 (;i 3 +i 9 +ill+ 2 ) 

3 

13200 

1(4523-15-211-1) 

2 

13230 

11(2513+19-15-17+2) 

4 

13500 

1(2+23-19+15-125+1) 

4 

13500 

1(2523-19+15-125+1) 6 

13500 

11(4513-19-15+125+1) 

2 

13500 

11(4513-19-15+125-1) 

2 

13500 

11(4513+19+15-125-1) 2 

13500 

11(4513+19-15-125-1) 

2 

13500 

II( 4 (;i 3 -i 9 +i 5 -i 25 +i) 

6 

13500 

1(4513-19+15-125+1) 

6 

13520 

1(45i25-i13-2) 

2 

13552 

I( 4 fi 27 +ill+ 2 ) 

3 

13872 

I(45i23+i17-2) 

2 

14700 

1(25123+15-27+2) 

2 

14700 

1(2523+15-27+2) 

3 

14700 

11(4513-15-27+2) 

2 

14700 

11(4513+15+27+2) 

2 

14700 

11(4513+15-27-2) 

2 

14700 

11(4513+15-27+2) 

3 

14700 

1(4513+15-27+2) 

3 

15120 

1(4523-19-15+17+1) 

3 

15120 

1(4523+19+15-17+1) 

2 

15120 

1(4523+19-15-17+1) 

2 

15600 

I( 4 i-i 23 +i 5 - 2 l 3 +i) 

3 

15876 

1(2529+27+2) 

3 

16128 

1(16523+27+1) 

3 

16128 

1(16523+27+1) 

4 

16464 

1(45123+17-149+1) 

2 

16900 

11(4515-213-2) 

2 

17328 

I(45i23+i19+2) 

2 

17424 

I(45i23-211-2) 

2 

17424 

1(4523+211+2) 

2 

17424 

1(4523+211+2) 

3 

18000 

I( 45 i 23 + 25 +i 25 -i) 

3 

18000 

1(4523+25+125-1) 

3 

18000 

I( 45 i 23 + 25 -i 25 +i) 

1 

18000 

1(45123+25-125-1) 

1 

18000 

l( 45 i 23 - 25 +i 25 +i) 

2 

18000 

I( 4 i-i 29 -i 5 +i 25 -i) 

3 

18150 

11(2513-15-211+2) 

4 

18252 

l( 25 i 23 +i 9 +il 3 + 2 ) 

6 

18252 

11(4513+19-113-2) 

2 

18375 

1(3-15-125-17+2) 

3 

18900 

1(25123+19-15-27-1) 

4 

18900 

11(4513-19+15-27-1) 

2 

18900 

11(4513-19-15-27-1) 

2 

18900 

11(4513+19+15+27-1) 

3 

19044 

11(4513+223+2) 

3 

19200 

l( 165 i 23 +i 5 - 2 ) 

2 

19600 

1(4525-27+2) 

1 

19600 

I(45j25+27-2) 

2 

20736 

1(16529+2) 

3 

20736 

1(16529+2) 

4 

21168 

1(4523+19+17+2) 

3 

21168 

1(4523-19+17-2) 

2 

21168 

1(4523+19-17+2) 

1 

21168 

1(45123-19-17-2) 

2 

21168 

1(45123+19+17+2) 

1 

21168 

1(16513+19+17+2) 

6 

21168 

1(16513+19+17+2) 

6 

21600 

1(25116513-19-15-2) 

4 

21600 

1(25116513-19-15-2) 

4 

21600 

1(25116513-19-15-2) 

4 

21600 

1(25116513-19-15-2) 

4 

21780 

1(25i23+25-i11+2) 

4 

21780 

11(4513+25-111-2) 

2 

22050 

11(2513+25-27+2) 

2 

22050 

1(2513+25-27+2) 

3 

23716 

11(4517+211+2) 

3 

24336 

1(45i23+213-2) 

1 

25200 

1(45123-25-27+1) 

2 

25200 

1(45123+25+27+1) 

2 

25200 

1(45123+25-27-1) 

2 

25200 

1(45123+25-27+1) 

3 

25200 

1(4523+25-27+1) 

3 

25392 

l( 45 i 23 +i 23 + 2 ) 

3 

26460 

1(25123-19+15+17+2) 

4 

26460 

11(4513-19-15-17+2) 

3 

26460 

11(4513+19+15+17+2) 

2 

26460 

11(4513+19-15+17+2) 

2 

27225 

1(3+25-211-2) 

2 

28224 

1(45116513+27+2) 

6 

29040 

1(45j23-15+111-2) 

2 

30420 

11(4513+25-113+2) 

3 

31500 

11(4513+25-125-17-1) 3 

32000 

1(16525+125+1) 

6 

32000 

1(16525+125+1) 

6 

32400 

1(4529+25+2) 

2 

33075 

1(3-19+15-27+2) 

2 
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33075 1(3-19-^5-27+2) 2 33075 1(3+19+15+27+2) 3 3456O I(16i-i23-i9-i5+i) 4 

35280 I(4+j23+25-i7+2) 3 35280 1(4^23+25-17+2) 3 35330 i(-4-23+25-i7-2) 3 

35280 I(4i-i23+25+i7+2) 2 35280 I(4ii23-25-i7+2) 2 36300 I(2i+i23+i5-2ll+2) 4 

36300 II(4(;i3+i5-2ll-2) 2 37632 1(16^23+17+2) 4 37533 1(16223+17+2) 3 

38025 1(3+25-213+2) 3 38988 ll(4ti3+i9-il9+2) 3 39600 l(4i-i23+25-2ll-i) 2 

40500 11(4^19+25+125-!) 3 40560 l(4j-23-i5+ii3+2) 3 41516 l(4fj23+2l7-2) 2 

42000 1(4^-23-15+125+17+1) 3 44100 1(2^23+25-27+2) 3 44150 1(2+23+25-27+2) 2 

44100 11(4313-25-27+2) 2 44100 11(4313+25-27-2) 2 44100 11(4313+25+27+2) 2 

44100 11(4^13+25-27+2) 3 44100 1(4113+25-27+2) 3 46800 1(4^23-^25-213+1) 3 

48384 1(16^23+19+17-!) 5 48384 1(16-23+19+17-1) 6 49392 l(4j-23-^27+i49-i) 2 

50700 ll(4ti3+i5-2l3+2) 3 51984 l(4)j23+2l9+2) 2 52272 l(4j-j23-i9+ill-2) 2 

52272 l(4)j23-i9-ill-2) 2 52272 I(4j-j23-ii9+iii-i2) 3 54000 I(4)j23-i9-i5+i25+i) 2 

54000 I(4)j23-i9-i5+i25-i) 2 54000 l(4j-23+i9+i5-i25-i) 2 54000 I(4i-j23+i9-i5-i25-i) 2 

54000 I(4j!'i23"i9+i5-i25+i) 6 54000 1(4^23-19+15-125+1) 6 54450 11(2313+25-211+2) 4 

55125 1(3+25+125+17+2) 3 57600 1(16(123+25-2) 2 58800 1(4(123+15-27+2) 3 

58800 1(41-123-15-27+2) 2 58800 l(4(i23+i5+27+2) 2 58800 1(4(123+15-27-2) 2 

58800 1(4(23+15-27+2) 3 66150 11(2(13-19+15-27+2) 4 67600 l(4(i25-2l3-2) 2 

73008 1(4(123+19-113-2) 2 73500 ll(4(i3-i5-i25-i7+2) 3 75600 1(4(123-19+15-27-1) 2 

75600 1(4(123-19-15-27-1) 2 75600 l(4(j23+i9+i5+27-i) 3 76176 l(4(j23+223+2) 3 

84672 l(4(il6(i3+i9+i7+2) 12 87120 l(4(23+25-ill-2) 2 94864 1(4(27+211+2) 3 

105840 l(4(j23-i9-i5-i7+2) 3 105840 l(4(23+i9+i5+i7+2) 2 105840 1(4(23+19-15+17+2) 2 

108900 1(2(i 23+25-211+2) 4 108900 ll(4(i3+25-2ll-2) 2 112896 1(16(23+27+2) 3 

112896 1(16(23+27+2) 4 121680 1(4(123+25-113+2) 3 126000 1(4(123+25-125-17-1) 3 

132300 l(2(j23+i9-i5-27+2) 4 132300 11(4(13-19+15-27+2) 2 132300 11(4(13-19-15-27+2) 2 

132300 11(4(13+19+15+27+2) 3 145200 l(4(23+i5-2ll-2) 2 152100 ll(4(i3+25-2l3+2) 3 

155952 1(4(23+19-119+2) 3 162000 l(4(29+25+i25-i) 3 172800 l(16(i23+i9+i5-2) 4 

176400 1(4(123-25-27+2) 2 176400 1(4(123+25-27-2) 2 176400 1(4(123+25+27+2) 2 

176400 1(4(23+25-27+2) 3 176400 1(4(123+25-27+2) 3 202800 l(4(i23+i5-2l3+2) 3 

22050011(4(13+25+125+17+2) 32940001(4(123-15-125-17+2)3338688 1(16(23+19+17+2) 6 

338688 1(16(23+19+17+2) 6 435600 l(4(i23+25-2ll-2) 2 529200 1(4(123-19+15-27+2) 2 

529200 1(4(123-19-15-27+2) 2 529200 l(4(i23+i9+i5+27+2) 3 608400 l(4(i23+25-2l3+2) 3 

882000 1(4(123+25+125+17+2) 3 

Table 2. Totally-Reflective Genera in dimension 3 


6.2. Dimension 4. 930 genera, of which 230 are square free and 88 strongly square 
free. 


det 

Genus 

h 

det 

Genus 

h 

det 

Genus 

h 

1 

I(U") 

1 

2 

1(2(1) 

1 

3 

1(3-1) 

1 

3 

1(3+1) 

1 

4 

n(2(i2) 

1 

4 

I(2(^) 

1 

4 

1(43') 

1 

4 

+ I—1 

1—1 

1 

5 

11(5+1) 

1 

5 

1(5+1) 

1 

5 

1(5-1) 

1 

6 

1(2(13-1) 

2 

6 

1(2(13+1) 

1 

7 

1(7+1) 

2 

8 

1(25") 

1 

8 

11(2(14(1) 

1 

8 

1(2(14(1) 

1 

9 

11(3+2) 

1 

9 

1(3+2) 

1 

9 

1(3-2) 

1 

9 

1(9-1) 

1 
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10 

1(2515-0 

2 

12 

11(203-1) 

1 

12 

1(203-1) 

1 

12 

1(2-23.1) 

1 

12 

11(203-1) 

1 

12 

1(203-1) 

1 

12 

I(24-^3-1) 

1 

12 

1(4-13-1) 

1 

12 

1(403-1) 

1 

12 

1(4^13-1) 

2 

12 

1(403-1) 

2 

14 

1(207-1) 

3 

15 

1(3-15-0 

2 

15 

1(3-15-1) 

3 

15 

1(3-15-1) 

1 

16 

I(2-^40) 

1 

16 

11(40) 

1 

16 

1(40) 

1 

16 

I(4FiO 

1 

16 

1(40) 

1 

16 

1(160) 

2 

16 

1(160) 

2 

18 

1(203-0 

2 

18 

1(203-0 

2 

20 

11(205-1) 

1 

20 

1(205-1) 

2 

20 

1(205-1) 

2 

20 

11(205-1) 

1 

20 

1(405-1) 

2 

20 

1(405-1) 

2 

21 

11(3-17-1) 

1 

21 

1(3-17-0 

2 

24 

1(203-1) 

2 

24 

1(25-33-0 

1 

24 

II(2ti403-0 

2 

24 

1(20403-1) 

2 

24 

II(2ti403-0 

1 

24 

I(2-i4ii3-0 

2 

25 
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I(25i23-i5-3) 

2 

1500 

1(4513-15-3) 

3 

1500 

1(4513-15-3) 

2 

1536 

1(25116523-1) 

4 

1536 

1(25116523-!) 

6 

1536 

1(25116523-1) 

4 

1536 

1(25116523-1) 

6 

1536 

1(25116523-1) 

3 

1536 

1(25116523-1) 

3 

1568 

1(25145127-2) 

4 

1620 

11(2-23-29-15-1) 

3 

1620 

11(25123-29-15-1) 

2 

1620 

11(25123-29-15-1) 

2 

1620 

11(25123-29-15-1) 

2 

1620 

11(25123-29-15-1) 

3 

1620 

11(25123-29-15-1) 

2 

1701 

11(3-19-27-1) 

3 

1728 

1(25216513-3) 

2 

1728 

1(25216513-3) 

2 

1728 

1(2-216513-3) 

2 

1728 

1(25216513-3) 

2 

1728 

1(4533-3) 

1 

1728 

1(4533-19-1) 

2 

1728 

1(4533-19-1) 

2 

1728 

1(4533+3) 

2 

1728 

1(24216513-3) 

3 

1728 

1(251216513-19-1) 

6 

1728 

1(25216+13-3) 

3 

1728 

1(4533-3) 

1 

1728 

1(25216513-3) 

3 

1728 

1(251216513-19-1) 

6 

1728 

1(252163-13-3) 

3 

1728 

1(4533-3) 

2 

1728 

1(4533-19+1) 

4 

1728 

1(25216513-3) 

2 

1728 

1(2-216513-3) 

2 

1728 

11(45116513-3) 

2 

1764 

II( 25 i 23 - 27 - 2 ) 

2 

1792 

I(45i2l65i7-i) 

3 

1792 

1(45216517-1) 

3 

1875 

1(3-15-225-1) 

5 

1944 

1(2533-19-2) 

2 

1944 

11(2514513-19-2) 

2 

2000 

1(2524515-3) 

3 

2000 

11(4525-3) 

2 

2000 

1(4525-3) 

2 

2000 

1(4525-3) 

2 

2000 

1(4525-3) 

2 

2000 

1(4525-3) 

2 

2000 

1(4525-3) 

2 

2000 

1(16515-3) 

5 

2000 

1(16515-3) 

5 

2160 

11(4523-35+1) 

1 

2160 

11(4523+19-15+1) 

4 

2160 

11(4523-35+1) 

3 

2160 

11(4523-35-1) 

2 

2160 

I(45i23-35-1) 

1 

2160 

1(45123-19-15-1) 

4 
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2160 I(4i-i23+35+1) 3 2I6O 1(4^23-35-1) 2 2250 1(2^13+25+3) 4 

2250 1(2513+25-3) 4 2268 11(2^23+29-17-1^ 4 2268 1(2+23+29+17-1) 4 

2304 I(4fi2l6ti3-2) 2 2304 I(4;i2l65i3+2) 2 2304 1(4^240-13+2) 3 

2304 I(4fi216^13-2) 2 2304 I(4i+i2l63i3+2) 2 2304 1(4^1216313-2) 2 

2304 I(4;i2 16^13+2) 2 2304 1(4^240+13+2) 3 2304 1(4^1216513-2) 2 

2304 I(4;i2l6ti3+2) 2 2500 11(2^25+225-1) 4 2500 II(2f25+225+i) 1 

2592 I(2(;i4j-j23-29-i) 3 2592 1(25:14423+29+1) 3 2592 I(25;i4j23+2g-i) 3 

2592 I(25;i4i+i23+29+i) 2 2592 1(2+14+23+29-1) 2 2700 1(2+23-25-2) 3 

2700 1(2+23+25+2) 3 2700 11(22^3-25+2) 3 2700 11(23^3+25-2) 3 

2744 1(2^27+3) 3 2744 lI(2^i4^i7+2) 3 2916 II(25j23-i9+i27+i) 2 

2916 II(25i23+i9+i27-i) 1 2916 II(2)i29-2) 1 2916 II(2i-j23-i9-i27+i) 1 

2916 II(2)-j23+i9-i27-i) 2 2916 II(2)i29+2) 1 3000 1(2523-15+2) 4 

3000 11(2514513+15-2) 4 3072 I(45;il65i23-i) 2 3072 I(4)j264ti3-i) 4 

3087 1(3+27+2) 3 3087 1(3+27-2) 3 3240 1(2523+29+15-1) 7 

3240 11(2^14513+29-15+1) 7 3375 1(3+25-2) 1 3375 1(3-19+15-2) 4 

3375 1(3+25+2) 2 3375 1(3-25-2) 3 3456 1(23143116^13-2) 6 

3456 1(2^143116^13-2) 6 3600 11(4(123+^5+^) 2 3600 11(4423+25-^) 4 

3600 1(4223+25-2) 4 3600 1(4,423+25-2) 4 3600 1(4523+25-2) 4 

3780 11(2,-123+25-17-1) 3 3780 11(2,-123-25+17-1) 3 3840 I(4(i2l6(:i3+i5+i) 3 

3840 1(4(,2 16(13+15-1) 2 3840 I(4(i2l6(i3+i5-i) 2 3840 I(4(i2l6(i3+i5+i) 3 

3888 1(2,-24(13+19+2) 3 3888 1(2(24-13+19+2) 4 3888 11(4(23-19+2) 2 

3888 11(4(23+19-2) 1 3888 lI(4(23+i9+2) 1 3888 l(4(i23-i9+2) 2 

3888 1(4(23+19+2) 4 3888 I(4(i23+i9+2) 2 3888 11(4223-19+2) 2 

3888 11(4(23+19+2) 2 3888 I(4(,23-i9+2) 2 3888 1(4423+19+2) 4 

3888 1(4,-123+19-2) 1 3888 I(4(,23+i9+2) 1 3969 1(3+29-17+2) 4 

3993 1(3-111-3) 2 4000 I(2(i4+25+3) 2 4096 1(16(3) 2 

4096 1(16(3) 2 4116 lI(2(,23-i7-3) 2 4116 II(2(,23+i7-3) 2 

4320 I(2(i4,+,23-35+i) 4 4500 lI(2(,23+25-3) 2 4500 II(2(,23-25+3) 2 

4500 II(2,-,23+25+3) 2 4500 lI(2(,23-25-3) 2 4860 11(2(23+19+25+1) 4 

4860 I(2,+,23-i9+25-i) 4 4900 1I( 2^,25-27+2) 2 5120 l(4(il6(25+i) 10 

5120 1(4(1 16,-,25+1) 5 5734 1(2-216+13+29+1) 4 5184 I(2(2l6(i3+29+i) 4 

5184 1(4(33-29+1) 2 5184 1(4(33-29-1) 2 5184 I(2,+,2l6(i3+29+i) 4 

5184 1(2+216(13+29+1) 4 5184 1(4(33-29+1) 2 5184 1(4(33-29-1) 2 

5184 1(4(33+29+1) 3 5184 I(2(,2l6(i3+29+i) 4 5184 I(2,+,2l6(i3+29+i) 4 

5184 1(4(33+29+1) 3 5488 11(4527+3) 2 5488 I(4(,^7+3) 2 

6000 11(4(23+15+3) 3 6000 lI(4(23-i5-3) 2 6000 II(4(23-i5+3) 1 

6000 I(4,-,23+i5+3) 3 6000 I(4(,23-i5-3) 2 6000 l(4(,23-i5+3) 1 

6084 II(2(,23+213-2) 2 6750 I(2(i3+35+3) 4 6912 l(4(,2l6(i3-3) 1 

6912 I(4(,2l6(i3+i9-i) 2 6912 I(4(,2l6(i3+i9+i) 2 6912 l(4(2l6(i3+3) 3 

6912 I(4(,2 16(13+3) 2 6912 I(4,-,2l6(i3+3) 2 6912 l(4(,2l6(i3-3) 1 

6912 I(4(,2l6(i3+i9+i) 4 6912 I(4(,2l6(i3+3) 2 6912 l(4(,2l6(i3-3) 1 

6912 I(4(,2l6(i3+i9+i) 4 6912 I(4(2l6(i3-3) 2 6912 l(4(2l6(i3+3) 3 

6912 I(4(,2 16(13-3) 1 6912 I(4(,2l6(i3+i9-i) 2 6912 I(4(,2l6(i3+i9+i) 2 

6912 1(4(,2 16(13+3) 2 6912 I(4(2l6(i3-3) 2 7500 11(2(^3+15-^25-1) 5 

7500 I(2(,23“i5-225+i) 5 7776 I(2(i4(,23+i9+2) 2 8000 1(4(35+3) 2 

8000 1(2(216(15+3) 6 8000 I(2(2l6(i5+3) 6 8000 1(4(35+3) 2 

8000 11(4(116(15+3) 5 8000 I(4(il6(i5+3) 10 8100 lI(2(,23-29+i5+2) 2 

8100 ll(2,-,23+29-i5-2) 3 8100 II(2,-,23-29-i5+2) 2 8100 lI(2(,23+29+i5-2) 3 
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8640 1(4733-35-1) 3 
9000 1(2733+25-3) 4 
9072 11(4723+29-17-1) 4 
9261 11(3-19-^7-3) 3 
10125 11(3-29+151-3) 2 
10125 1(3-29+15+3) 3 
10500 11(2723-15-37-!) 3 
10800 I(47 j 23-35+2) 3 
11664 II(47j23-i9-i27-i) 6 

12288 1(16733-1) 2 
12348 I(27 j 23+27+3) 3 
13500 11(2723+35+3) 2 
13500 11(2723-35-3) 3 
13500 I(2i+i23+35+3) 3 
13500 1(4713+35-3) 2 
13824 1(27116723-3) 3 
13824 1(27116723-3) 4 
15552 1(4733+19-2) 2 
15552 1(271216713+19+2) 6 
15876 11(2723+29+17+2) 2 
16384 I(167i2647i) 3 
19440 1(47123+19+25+1) 4 
20250 1(2713+29+15-3) 7 
20580 11(27123+15+17+3) 3 
20736 1(47216713-29-1) 2 
20736 1(47216713-29+1) 2 
20736 1(471216713-29+1) 2 
20736 1(471216713-29+1) 2 
21952 1(4737+3) 3 
24000 1(4733-15-3) 3 
27000 11(2714713+35+3) 4 
27783 1(3+29-17-3) 4 
30375 1(3-19+25-3) 4 
32000 1(47216715+3) 6 
32000 1(16725+3) 10 
34560 1(47216713-35-1) 3 
35937 1(3+311-3) 2 
37044 II(27 i 23-37+3) 2 
40500 11(27123-29+15+3) 3 
40500 11(27123+29+15+3) 2 
49392 11(4723+27+3) 3 
49392 1(47123+27-3) 3 
54000 11(4723+35+3) 2 
54000 1(47123-19+15-3) 4 
57600 1(471216713+25-^) 4 
57600 1(471216713+25-2) 4 
62208 l(47j2l67i3+i9+2) 4 
62208 1(471216713+19+2) 2 


8640 1(4733-35+1) 2 

9000 11(2714713+25-3) 4 

9072 1(47123+29-17-1) 4 

9261 1(3-37+3) 2 

10125 11(3+29-15-3) 1 

10125 1(3+29-15-3) 2 

10800 11(4723-35+2) 3 

10800 I(47 j 23+35-2) 3 

12000 1(2714+23+15-3) 4 

12348 11(2723+27+3) 3 

12348 11(2723+27-3) 3 

13500 11(2723+35-3) 1 

13500 1(2723-35+3) 1 

13500 1(2773-35-3) 2 

13824 1(27116723-3) 6 

13824 1(27116723-3) 6 

14400 1(4733+25-2) 4 

15552 1(4733+19+2) 2 

15552 1(4733+19+2) 4 

15972 11(2723+111+3) 2 

16875 1(3+35-225+1) 5 

19652 II(27 i 217+3) 2 

20480 1(16735+1) 5 

20580 11(27123-15-17+3) 3 

20736 1(47216713+29+1) 3 

20736 1(47216713-29-1) 2 

20736 1(471216713-29-1) 2 

20736 1(471216713-29-1) 2 

22500 11(27123+25-225+1) 2 

24000 1(4733-15+3) 2 

27648 1(471167123-3) 2 

30000 11(4723+15-225-1) 5 

32000 I(47i2l67i5+3) 2 

32000 I(47i2l67i5+3) 2 

32000 1(16725+3) 10 

34560 1(47216713-35-1) 3 

36000 1(2714723+25+3) 4 

37044 II(27 i 23+37+3) 2 

40500 11(27123+29-15-3) 2 

40500 11(27123+29-15+3) 2 

49392 11(4723+27-3) 3 

54000 11(4723+35-3) 1 

54000 11(4723-35-3) 3 

54000 1(4773+35+3) 2 

57600 1(471216713+25-2) 4 

62208 1(47216713+19-2) 2 

62208 1(47216713+19+2) 4 

67500 11(2723+35-225+1) 5 


9000 

1(2733+25+3) 

4 

9000 

11(2714713+25+3) 

4 

9261 

11(3-37+3) 

1 

10125 

11(3+29+15-3) 

1 

10125 

1(3+29+15-3) 

2 

10500 

11(2723+15+37-1) 

3 

10800 

11(4723+35-2) 

3 

10976 

1(2714727+3) 

3 

12288 

1(16733-1) 

2 

12348 

1(2723+27-3) 

3 

12960 

1(2714723+29-15+1) 

7 

13500 

11(2723-19+15-3) 

4 

13500 

1(2723+19-15+3) 

4 

13500 

1(4713+35+3) 

3 

13824 

1(27116723-3) 

3 

13824 

1(27116723-3) 

4 

14400 

1(4733+25-2) 

4 

15552 

I(27i2l67i3+i9+2) 

6 

15876 

11(2723+29-17+2) 

2 

15972 

11(2723-111-3) 

2 

19440 

11(4723+19+25+1) 

4 

19773 

11(3+213-3) 

2 

20480 

1(16735+1) 

5 

20736 

1(471216713-29+1) 

2 

20736 

1(47216713+29+1) 

4 

20736 

1(47216713+29+1) 

3 

20736 

I(47i2l67i3+29+i) 

3 

20736 

I(47i2l67i3+29+i) 

3 

22500 

11(27123+25-225-1) 

2 

27000 

1(2733-35-3) 

4 

27648 

1(47264713-3) 

4 

30000 

1(47123+15-225-1) 

5 

32000 

1(47216715+3) 

2 

32000 

l(47i2l67i5+3) 

2 

34560 

1(47216713-35+1) 

2 

34560 

1(47216713-35+1) 

2 

36000 

1(2714723+25-3) 

4 

40500 

11(27123+29+15-3) 

2 

40500 

11(2723-29-15-3) 

3 

49152 

I(167i2647i3-i) 

4 

49392 

1(4773+27+3) 

3 

54000 

11(4723-19+15-3) 

4 

54000 

1(4773+35-3) 

1 

54000 

1(4723-35-3) 

3 

57600 

1(471^16713+25-2) 

4 

62208 

1(47216713+19+2) 

2 

62208 

1(47216713+19-2) 

2 

67500 

1(27123-35-225-1) 

5 
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81000 I(2^33+2g-i5+3) 7 87000 II(25i4^i3'"29+i5-3) 7 33349 jj(-3-i9+27-3) 3 

87808 1(4^216^17+3) 3 87808 l(4)-2l6gi7+3) 3 94500 Il(2f23+35+37+i) 3 

94500 II(2j-i 23-35-37+1) 3 95000 l(4fi2i6+i3-i5-3) 3 96000 I(4fi2l6ti3-i5+3) 2 

96000 1(4^1216513-15+3) 2 96000 1(41-1216-13-15-3) 3 108000 l(2):i4i+i23+35+3) 4 

110592 1(16533-3) 2 110592 1(16533-3) 2 111132 l(25i23+29+i7-3) 4 

111132 11(2523+29-17-3) 4 121500 11(2523-19+25-3) 4 121500 1(2+23+19+25+3) 4 

128000 1(45116525+3) 10 128000 1(4^1165i25+3) 5 143748 II(25 j23+3i1-3) 2 

143748 I1(25i23-3i 1+3) 2 177957 11(3+29-113-3) 4 185220 Il(25j23+35+i7-3) 3 

185220 11(2523-35-17-3) 3 216000 1(4533+25-3) 2 216000 1(4533+35+3) 3 

270000 11(4523+35-225+1) 5 270000 1(45j 23+35-225+1) 5 324000 I(25i45j23+29+i5-3) 7 

442368 I(165i2645i3-3) 4 444528 11(4523+29-17-3) 4 444528 l(45j23+29-i7-3) 4 

486000 11(4523-19+25-3) 4 486000 l(45j23-i9+25-3) 4 512000 1(16535+3) 5 

512000 1(16535+3) 5 514500 ll(25j23+i5-37-3) 3 514500 Il(25j23-i5+37-3) 3 

864000 1(451216513+35-3) 2 864000 l(45i2l65i3+35+3) 3 864000 I(45i2l65i3+35+3) 3 

864000 1(451216513+35-3) 2 4630500 ll(25i23+35-37+3) 3 4630500 Il(25i23-35+37+3) 3 

Table 3. Totally-Reflective Genera in dimension 4 
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